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Chuyen de: Chimg minh bat dang thuc 


VAN DEI: 

Chimg minh Bat dang thuc bang phinmg phap doi bien so 

1. Dy doan dime dilu kien dfing thu-c xay ra 

Vi du 1: Cho a + b = 2. Chung minhr&ng: B = a 5 + b 5 >2. 


• Nhan xet: Dir do an dang thuc xay ra khi a = b = 1. 

Do vay ta dat: a = l + x. Tir gia thiet suy ra: b = \-x ,(x e R). 
Taco: B = a 5 +h 5 = (1 + x) 5 +(l-x) 5 = 10x 4 +20x 2 +2 >2 

Ddng thuc xay ra <» x = 0, hay a = b = 1. Vay B > 2. 


Vi du 2: Cho a + b = 3, a<l. Chung minh rang: C = b -a - 6b - a + 9b > 0. 

• Nhan xet\ Dvr do an dang thuc xay ra khi a = 1; b = 2. 

Do vay ta dat a = 1 - x , vbi x > 0. Tir gia thiet suy ra b = 2 + x. 

Taco: C= b 3 -a 3 -6b 2 -a 2 +9b = (2 + x) 3 -(1-x) 3 -6(2 + *) 2 -{l-xf +9(2 + x) 

= x 3 -2x 2 + x = x(x -1) 2 > 0 (vi x > 0). 

Ddng thuc xay ra <=> x = 0 hoac x = 1 tuc a = 1, b = 2 hoac a = 0, b = 3. Vay C > 0. 


• Nhan xet : Du do an rang dang thuc xay ra khi a = b = c = 1. 

Do vay ta dat: a = 1 + x, b = 1 + y , ( x, y e R ). Tu gia thiet suy ra: c = 1 - x - y . 

Taco: A= a 2 +b 2 +c 2 +ab + bc + ca 

= (1 + x) 2 + (1 + y) 2 + (1 - x - y) 2 + (1 + x)(l + y) + (1 + y)(l - x-y) + (l-x - y)(l + x) 

= x 2 +xy + y 2 +6 = |^x + ^-yj +^-y 2 +6>6 

Dang thuc xay ra<=> y=0vax + ^-y = 0<»x = y= 0 hay a = b = c =1. Vay A > 6. 


Vi du 4: Cho a + b = c + d . Chung minh rang: D = a 2 +b 2 +ab> 3 cd 


• Nhan xet : Du do an dang thuc xay ra khi a = b = c = d. 

Do vay dat: a = c + x , vdi x e R. Tu gia thiet suy ra b = d-x. 

Ta co: D = (c + x) 2 +(d-x) 2 +(c + x)(d-x) = c 2 +d 2 +x 2 +cd + ex-dx 


Dang thuc xay ra <» x = 0 va c-d +—x = 0 <=>x = 0 va c = d hay a = b = c = d. 
VayD > 3cd. 


Vi du 5: Cho a + b> 2. Chung minh rang: 


a +b < a +b . 


• Nhan xet : Du do an dang thuc xay ra khi a = b = 1. 

Do vay dat a = l + x, h = l + y.Tu gia thiet suy ra x + y >0. 
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_ Chuyen d'e: Chieng rninh bdt dang thuc 

Taco: a 3 + b 3 < a 4 + b 4 <=> (1 + x) 3 + (l + y) 3 <(l + x) 4 + (l + y) 4 

«• (1 + x) 4 + (1 + y) 4 - (1 + x) 3 - (1 + y) 3 > 0 x(l + x) 3 + y(l + y) 3 > 0 

<=> x + y + 3(x + y)(x 2 -xy+ y 2 ) + 3(x 2 +y 2 ) + x 4 +y 4 > 0 ( Dung vix +y > 0) 

Dang thiic xay ra <» x = y = 0 hay a = b = 1. Vay bat dang thiic dirge chiing minb. 

Vi du 6: Cho a < 4. Chung minb rdng: E = a 2 (2 - a) + 32 > 0 . 

• Nhan xet: Du do an dang thuc xay ra khi a = 4. 

Do vay dat a = 4 - x. Tir gia thiet suy ra x > 0. 

Taco: E = (4-x) 2 (2-4 + x) = x 3 -10x 2 +32x = x[(x-5) 2 + 7 ] > 0 . 

Dang thuc xay ra x = 0 hay a = 4. Vay E > 0 . 

Vi du 7: Cho ab > 1. Chung minh rang: a 2 + b 2 > a + b . 

• Nhan xet : Du do an dang thiic xay ra khi a = b = 1. 

Do vay dat a = 1 + x; b = 1 + y . 

Taco: ab > 1 <=> (l + x)(l + y)> 1 x+y + xy> 0 

Mat khac: a 2 +b 2 > a + b <» (1 + x) 2 +(l + y) 2 >(l + x) + (l + y) <» x 2 +y 2 +x + y > 0 
Lai co: x 2 + y 2 > 2xy , voi moi x, y nen ta co: 

x 2 +y 2 +x + y>^(x 2 +y 2 ) + xy + x + y> 0 (Dung vi xy + x + y > 0) 

Dang thiic xay ra <» x = y = 0 hay a = b = 1. Vay BDT dugc chiing minh. 


2. Dang cho biit dieu kien cua tong cac bien nhung khong ( hoac kho) du- doan 
dieu kien cua bien de dang thiic xay ra. 

Doi voi loai nay ta cung co the doi bien nhu tren. 


Vi du 8: Cho a<l;a + b>3. Chiing minh rang: 


F = 3 a +b z +3ab ->0 

4 


• Dat a = 1- x va a + b = 3 +y. Tu gia thiet suy ra x, y > 0 nen ta co: b = 2 + x +y. 

Tir do : F = 3(1-x) 2 + (2 +x + y) 2 + 3(l-x)(2 + x + y)-— = x 2 +y 2 -5x + 7y-xy+ — 

4 4 

f 1 5] 2 3 2 9 

l 2 y 2) 4 y 2 y 


Dang thiic xay ra<^>x= — vay=0 hay a = va b = — . 

Vay bat dang thiic F > 0 dugc chiing minh. 

Vi du 9: Cho a, b, c e [1; 3] va a + b + c = 6. Chiing minh rang: 

_ a) a 2 +b 2 +c 2 < 14 _ b) a 3 +b 3 +c 3 <36 _ 

• Dat a = x + 1; b =y+ 1; c =z+ 1. Khi do x, y, z e [0; 2] va x +y + z = 3 

Gia sir x = max{x; y; z} suy ra: x +y+ z = 3 < 3x => 1 < x < 2 => (x -l)(x -2) < 0 

nen: x 2 + y 2 + z 2 <x 2 +(y + z) 2 =x 2 +(3-x) 2 = 5 + 2(x-l)(x-2)<5 

Tiic la: x 2 + y 2 + z 2 < 5 (*). Tuong tu ta chiing minh dugc x 3 + y 3 + z 3 <9 (**) 
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a) Taco: a 2 +b z +c z = (x+lf +(y + 1) 2 + (z + l) 2 = x + y + r +2(x + y + z) + 3 (1) 

Thay (*) vao (1) ta co: a 2 +b 2 +c 2 < 14 la dieu phai chiing minh. 

b) Ta co: 

a 3 +b 3 +c 3 = (x + l) 3 + (y + 1) 3 +(z + l) 3 = x 3 +y 3 +z 3 +3(x 2 +y 2 +z 2 )+3(x+y + z) + 9 (2) 
Thay (*) va (**) vao (2) ta co: a 3 +b 3 +c 3 < 36 la dieu phai chiing minh. 

Vi du 10: Cho cac so thuc a, b vdi a + b ^ 0. Chiing minh: a 2 + b 2 + ( ^ + ] > 2. 

Va + bJ 


• Dat c = _ ^ + a ^ j ac 5 ; a b + b c -\ 
a + b 


-1 va liic nay BDT can chiing minh trd thanh: 


cr + b z + c 1 > 2 or + b~ + c L > -2 {ab + bc + ca) (a + b + cy > 0 (luon dung). 

Vay bat ddng thiic duoc chiing minh. 


3. Dang bat dang thiic vdi dieu kien cho ba so co tich bang 1 

ICachill: Dat a = —;b = —;c = — , vdi x,y, z * 0. 


|Cachl|| : Dat a = — ;b = —;c = — , vdi x, y, z * 
y z x 

Sau day la mot so vi du lam sang to dieu nay. 


Vidu 11: Cho a, b, c la cac so thirc duong thoa man abc = 1. Chiing minh rang: 


a(b + 1) b(c +1) c(a + 1) 2 

► Nhan xet: a, b, c la cac so thirc duong va abc = 1 nen ta dat: 


a = -;h = ^; 

y z 


, vdi x, y, z la cac so thuc duong. 


1 1 1 3 _1_ 

a(b +1) + b(c +1) + c(a +1) _ 2 ** x(y 


7U +1 J iU +1 J ^ +l j 

yz zx xy ^ 3 

■e> —-- h-1--—> — 

xy+zx yz + xy zx+yz 2 

Day chinh la BDT Neb-sit cho ba so duong xy, yz, zx, suy ra dieu phai chiing minh. 
Vi du 12: (Olimpic quoc te 2000) Cho a, b, c la cac so thirc duong thoa man abc = 1. 


Chiing minh rang: 




C-1 + - <1. 
aj 


* Nhan xet\ a, b, c la cac so thuc duong thoa man abc = 1, nen ta dat: 
a = —; b = —; c = —, vdi y, z la cac so thuc duong. 


Taco: |^a-l + — + - 


-1 + - <1 « 
a) 


(■ x-y + z)(y-z+x)(z-x + y) 


« ( x-y + z)(y-z + x)(z-x + y)<xyz (*) 

Dat x = m + n; y = n + p; z = p + m. Khi do (*) (m + n){n + p)(p + m)> Smnp (**) 

Ap dung BDT Co-si cho hai so duong ta co: m + n> 2 Vmn; n + p> 2 Jnp', p + m> 2 Jpm 
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Ba bat dang thuc tren co hai ve deu duang nen nhan ve theo ve ta co bat dang thiic can 
chiing minh. 

Chuy Ta co the chiing minh (*) theo each sau day: 

Do vai tro x, y, z co vai tro nhu nhau, khong mat tinh tong quat nen gia sii : x > y > z > 0. 

Nhir vay x -y +z > 0 va y- z + x > 0. 

+ Neu z-x + y < 0 thi (*) hien nhien dung. 

+ Neu z-x + y > 0, ap dung BDT Co-si cho hai so duang ta co: 

yj(x-y + z)(y-z + x)<x; ^(y-z + x)(z-x + y) <y ; yj(z-x + y)(x-y + z) < z 
Nhan ve theo ve cac bat dang thuc tren, suy ra (*). 

Vay (*) dung cho moi x, y, z la cac so thuc duemg, suy ra bai toan duoc chiing minh. 

Phat hien: Viec doi bien va van dung (**) mot each kheo leo giup ta giai dune bai toan 
o’ Vi du 13 sau day: 

Vi du 13: (Olimpic quoc te 2001) Cho a, b, c la ba so duang. Chiing minh rdng: 
a b c . , 

I =+ I +~i ^ 1 • 

ya 2 +Sbc yb 2 +8ca yc 2 +Sab 

a b c 

• Bat x = ; y = . =; z= , =• 

y a 2 + Sbc \lb 2 +Sca \lc 2 +Sab 

Ta thay x, y, z deu duang va BDT can chiing minh trd thanh S = x + y + z> 1. 


Tuongtutaco: — -1 = ——; 
Suyra: 

Mat khac neu S=x + y + z< 1 


(1 , 


-iY—-i 

,¥s 2 i) 

u 

A/ JA 2 J U 2 

Ay 2 

J7 ) 


- Ta thay (S -x)(S -y)(S -z) =(x +y)(y + z)(z + x) > 8xyz (theo (**) d vi du 12) (2) 

- Vai ba so duang x + y, y + z, z + x, ta lai co ( S + x)(S + y)(S + z) > 64xyz (3) 

- Nhan (2) va (3) ve vdi ve, ta duoc: ( S 2 - x 2 )(S 2 - y 2 )(S 2 - z 2 )> 8 3 x 2 y 2 z 2 

- (T'lf'lS-')*' 

Tu day suy ra: T > 8 3 mau thuan vdi (1). 

Vay S = x + y + z> 1, tiic bai toan duoc chiing minh. 

Ngirgc lai, doi vdi mot s6 bai toan chdng minh bat ding thde ma cac bilu thde ( hoac 
bien doi cua no) co chda cac bieu thde co dang: vdi x, y, z 0. Luc nay viec 


dat a = —; b=—\ c =—. 

y z x 

minh chdng dieu nay: 


vdi abc = 1 la mot phirang phap hdu hieu, sau day la cac vi du 
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Vi du 14: Cho cac so thuc duong a, b, c. Chung minh rang: 

b c a ^. a b 


1 )- 1 - 1 -< 1 

a + 2b b + 2c c + 2a 


2 )- 1 - 1 -> 1 . 

a + 2b b + 2c c + 2a 


1) BDT <=> - 


+ 2 —+ 2 


- + 2 


Dat x =—; y = —; z = — . Ta co x, y, z la cac so thirc dirong co tich xyz = 1. 
b c ~ 

1 1 

+ 2 + - + 2 + —+ 2 


Suy ra: 


2_ SI 0 _L + _L + _i_ al 

x+2 y+2 z+2 


o (x + 2)(y + 2) + (y + 2)(z + 2) + (z + 2)(x + 2) < (x + 2)(y + 2)(z + 2) 

(xy +yz + zx ) + 4(x + y + z) + 12 < xyz + 2(xy + yz + zx) + 4(x + y + z) + 8 
4 < xyz + xy + yz + zx <=> 3 < xy + yz + zx. 

Day la bat ding thuc dung vi ap dung bat ding thuc Co-si cho ba so duong ta co: 

xy + yz + zx > 3 ^j(xyz ) 2 = 3 . Suy ra dieu phai chung minh. 

2) Cach 7: Chung minh tuong tu cau 1). 

Cdch 2: Taco: + ^ + + —+—1 = 3 

\a + 2b b + 2c c + 2aj \a + 2b b + 2c c + 2aj 

Ap dung ket qua bai toan 1), ta suy ra bat dang thuc can chung minh. 


|Cach 2||: Ngoai each dat a = — ;b = —; c = — nhu tren ta con co each doi bien khac. Cu the 

y z x 

ta xet vi du sau: 


Vi du 15: Cho ba so duong a, b, c thoa man abc = 1.Chung minh: 

a b c 4 1 

-1-1-^ — 

(a + 1) 2 (b + 1) 2 (c + l) 2 (a + l)(b + l)(c + l) 4 


(*) 


1 -a 1 -b 1 -c 1-x 1-y 1 -z 

• Dat: x =-; y = -; z = - => -l<x, y, z < 1 va a =-; b = ——; c = -. 

1 + a 1 + b 1 + c 1 + x 1 + y l + z 

Tu abc = 1 => (1 — x)(l -y)( 1 -z) = (1 +x)(l + y)(l + z) => x +y + z + xyz = 0. 

Mat khac: 


Tuong tu: 
nen: (*) 


4a ,22, 

-= l-x“;-= 1 + x 

(a + 1) 2 a + 1 

4b ,22, 
g^l-y 


(b+\y 

4 a 4b 


b + 1 
4c 


<1 + 2 . 


' 4c 
(c + l) 2 
2 2 


1 -z ; 


c + l 


(a + 1) 2 (b + 1) 2 (c + l) 2 (a +1) (b +1) (c +1) 

» 1 - x 2 +1 - y 2 +1 - z 2 < 1 + 2(1 + x)(l + y)(l + z) 
o x 2 +y 2 + z 2 + 2(xy + yz+zx) + 2(x + y + z+xyz) > 0 <» (x + y + z) 2 >0 . 
Day la bat dang thuc luon dung nen bai toan duoc chung minh. 
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_ Chuyen d'e: Chieng minh bdt dang thuc 

Phat hien: Viec doi bien bang each flat a = — ;£> = —; c = — d day con ap dung dune rat 

y z x 

hay o’ bai toan chung minh dang thuc, vi du 16; 17 sau day cho thay dieu nay. (Viec 
dira ra hai vi du sau nham nhan manh them tinh da dang va huu hieu cua phuong 
phap doi bien trong giai toan noi chung). 


Vi du 16: Cho a, b, c la ba so thirc thoa man abc = 1. Chung minh rang: 


l + a + ab l + b + bc 1 + c + ca 

• Nhan xet\ Vi abc = 1 nen ta co the dat a = —; b = —; c = —, vaix, y, z * 0. 

y z x 

Khi do ve trai cua dang thiic tren dugc bien doi thanh: 

111 yz zx xy 

-1-1-=---1-1--- 

1 + ^ + ^ 1 + ^ + ^ 1 + - + - W+yz+zx xy + yz + zx xy + yz + zx 

y z z x x y 


Vi du 17: Cho a, b, c la ba so thuc thoa man abc = 1. Chung minh rang: 


= 1 (dpcm). 



• Nhan xet\ Tircmg tir tren ta dat a = — ;h = — ;c = —, vdi x,y, z # 0. 

y z x 

Khi do ve trai cua dang thuc (*) dugc bien doi thanh: 

\y y/U yjyx xj y z x 

= (. x-y + z)(y-z + x)(z-x+y ) 
xyz 

Tucmg tu ta cung bien doi dugc ve phai cua (*) ve bieu thuc (1), suy ra dpcm. 


4. Doi voi mot so bai toan chirng minh bat dang thuc chua ba bien a, b, c khong am co 
vai tro nhu nhau ta co the su dung phuo’ng phap doi bien nhu sau: 

Dat x = a + b + c; y = ab + be + ca ; z = abc. 

Ta co cac ddng thuc sau: 

xy-z=(a + b)(b + c)(c + a) 

(1) 

x 2 +y = (a + b){b + c) + (b + c)(c + a) + (c + a){a + b) 

(2) 

x 2 -2 y = a 2 + b 2 +c 2 

(3) 

x 3 -3xy + 3z = a 3 +b 3 +c 3 

(4) 

Cung vdi viec ap dung cac bat dang thuc sau: 

x 2 > 3y 

(5) 

x 3 > 27 z 

(6) 

y 2 > 3xz 

(V) 

xy>9z 

(8) 

x 3 - Axy + 9z>0 

(9) 

(Ban dgc tu chung minh cac bat dang thuc tren). 
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Sau day la mot so vl du de lam sang to van de nay: 


Vi du 18: Cho ba so duong a, b, c thoa man dieu kien abc = 1. Chung minh: 

(a + b)(b + c)(c + a) >2(1 + a + b + c) 


• Bat x = a + b + c, y = ab + bc + ca\ z = abc. 

Theo (1) thi bat dang thuc can chung minh tuong duong vdi: 

xy -z > 2(1+ x) <=> xy -1 > 2(1+ x) <=> x(y- 2)>3. 

Do z = abc = 1 nen theo (6) va (7) suy ra: x > 3; y > 3 suy ra: x(y - 2) > 3 la BBT dung. 
Bang thuc xay ra <=> x = y = 3 hay a = b = c =1. Suy ra bai toan duoc chung minh. 

Vi du 19: Cho ba so duemg a, b, c thoa man: a + b + c = 3. Chung minh: 

12 


abc + 


ab + be + ca 


-> 5 


• Bat x = a + b + c; y = ab + bc + ca\ z = abc. 

Khi do bat ding thuc can chung minh tuong duong vdi bat ding thuc sau: 

z + — >5 (*) 

y 

Theo (9) ket hop vdi x = a + b + c =3 ta co: 27 - 12y + 9z > 0. 


Suy ra: 


4y-9 12 4y -9 12 

z>^— => z + —>^—+ — 

3 y 3 y 


(**) 


4 v—9 12 o 9 

Mat khac: -H-> 5 <» 4y - 9y + 36 > 15y « (y -3) > 0 (dung vdi moi y). 

3 y 

Tu (*) va (**) suy ra bai toan duoc chung minh. 

Dang thuc xay ra khi va chi khi: a = b = c =1. 


Vi du 20: Cho ba so khong am a, b, c, thoa man: ab + bc + ca + abc = 4. Chung minh: 
3(a 2 +b 2 +c 2 ) +abc >10 (*) 


• Bat x =a + b + c; y =ab + bc+ca; z — abc. 

Do y + z = ab + bc + ca + abc = 4 , nen theo (3) bat dang thuc (*) trd thanh: 

3(x 2 -2y) + z> 10 <=> 3x 2 -6 > 7y. 

Mat khac, theo (9) suy ra: 

x 3 +36 


x 3 -4xy + 9(y + z)>9y x 3 +36>9y + 4xy =^> y< 


4x + 9 
x 3 +36 


Vay de hoan thanh bai toan ta can chung minh: 3x 2 -6 < 7 
That vay, tu (5) va (6) suy ra: 

X 2 X 3 9 9 

4 = y + z<—+ — => x 3 +9x 2 -108> 0 => (x-3)(x 2 +12x + 36)>0 => x>3. 
3 27 

3 ^ 

Tu do ta co: 3x 2 -6 < 7. * + & <=> 12x 3 -24x + 27x 2 - 54 > 7x 3 + 252 

4x + 9 

<=> (x - 3)(5x 2 + 42x +102) > 0 

Day la bat dang thuc dung. Bang thuc xay ra khi va chi khi: a = b = c = 1. 


Trang 7 
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Vi du 21: Cho ba so duomg a, b, c thoa man dieu kien ab + be + ca = 3. Chung minh: 

1 1 1 ^ a + b + c 3 

- 1 - 1 ->- 1 - 

a+b b+c c+a 6 a+b+c 

• Dat x = a + b + c; y = ab + bc + ca = 3; z = abc. 

rp , 111 ^a + b + c 3 

a+b b+c c+a 6 a+b+c 

^ (a + b)(b + c) + (b + c)(c + a) + (c + a)(a + b) > a + b + c + 3 ^ 

(a + b){b + c)(c + a ) 6 a + b + c 

Theo (1) va (2) thi (*) trd thanh: 

^^>-+- ^ (x 2 + 3)6x-(x 2 + 18)(3x-z)> 0 


« 6x + 18x-3x -54x + x“z + 18z> 0 « 3x -36x + x z + 18z> 0 
« 3(x 3 -12x + 9z) + x 2 z-9z>0 « 3(x 3 -4xy + 9z) + z(x 2 - 9)> 0 

Do y = 3 nen tu (5) suy ra x 2 >9, ket hop (9) ta co bat dang thiic trendung, suyra baitoan 
duoc chiing minh. Dang thiic xay ra<=>a = b = c = l. 

Vi du 22: Cho ba so a, b, c thuoc (0; 1) thoa man abc = (1 - a)( 1 - b)(\ - c) . Chiing minh: 
a 3 +b 3 +c 3 + 5 abc > 1 

• Ta co: abc = (l-a)(l-h)(l-c) = 1 - (a + b + c) + (ab + be + ca) - abc . 

Do vay, neu dat x = a + b + c; y = ab + bc + ca = 3; z = abc thi ta co: 2z = l- x+y . 

Theo (9) thi ta co bat dang thiic can chiing minh trd thanh: 

x 3 -3xy + 3z + 5z>l « x 3 -3xy + 8z>l « x 3 -4x + 3 > y(3x-4) 

2 x 2 

Chiiyrang: 1-x+y = 2z>0 va x >3y suyra: x-l<y< —. 

Ta xet ba trubng hop sau: 

Truonghop 7:Neux< 1 thi x 3 -4x + 3 = (l-x)(3-x-x 2 )>0>y(3x-4). 

4 

Truong hop 2: Neu 1 < x < — thi: 3x - 4< 0 va 0 < x - 1 <y, suy ra: 

(x 3 - 4x + 3) - y(3x - 4) > (x 3 - 4x + 3) - (x - l)(3x - 4) = (x -1) 3 > 0 


Truong hop 3: Neu x > — thi: 

(x 3 - 4x + 3) - y(3x - 4) > (x 3 - 4x + 3) - y (3x - 4) = (2x ~ 3) > 0 

Nhu vay trong moi trubng hop ta deu co x 3 -4x + 3 > y(3x-4) luon dung, suy ra bai toan 
duoc chiing minh. 

Dang thiic xay ra khi va chi khi: a = b = c = y 

II, Cac bai tap ap dung : 

Bai 1: Chiing minh cac bat dang thiic sau: 

2 3 

a) Cho a, b > 0 thoa man a + b = 1. Chiing minh: — + —-— > 14. 
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Chuyen <te: Chuns minh bdt dang thuc _ 

b) Cho a + b + c + d= 1. Chung minh: ( a + c)(b + d) + 2(ac + bd ) < ^ . 

c) Cho a + b + c > 3. Chung minh: a +b A +c 4 > a 3 +b 3 +c 3 . 

d) Cho a + b>8vab>3. Chung minh: 27 a 2 +10 b 3 > 945. 

Bai 2: Cho a, b, c la cac so duong va —-—I—-—I—— = 2. Chung minh: 8abc < 1 
a + l b+ 1 c + l 

Bai 3: Cho ba so duong a, b, c thoa man abc = 1. Chung minh: 

(a + b)(b + c)(c + a) > 5(a + b + c) - 7 
Bai 4: Cho cac so duong a, b, c sao cho abc = 1. Chung minh: 
q+3 | b+ 3 | c+3 ^ 

(a + l) 2 (b + l) 2 (c + l) 2 _ 

Bai 5: Cho cac so duong a, b, c sao cho abc = 1. Chung minh: — + — + — (a + b + c- 1). 

b c a 2 

Bai 6: Cho ba so a, b, c khong am thoa man: a + b + c = 1. Chung minh: 

0 < 21(ab + bc + ca ) - 54ahc < 7 
Bai 7: Cho ba so duong a, b, c. Chung minh: 

•^2(1 + a 2 )(l + h 2 )(l + c 2 ) > (1 + a)(l + b)( 1 + c) - 2(1 + abc) 


VANDEII: 

Chirng minh Bat dang thirc bang each sir dung vai tro nhu nhau 
cua cac bien 


Vi du 1: Cho cac so thuc a, b, c khong am. Chung minh rang: 

a{a - b){a - c) + b(b - c)(b -a) + c(c - a)(c -b)> 0 (*) 

• Do vai tro cua a, b, c la nhu nhau nen co the gia su a > b > c. 

+ Neu co hai trong ba so a, b, c bang nhau thi BDT hien nhien dung. 

+ Neu a> b> c, chia hai ve cua (*) cho (a - b)(b - c)(a - c) ta duoc BDT tuong duong: 



b—c a-c a-b 


( 1 ) 


(1) luon dung do I ^ > f > ^ 

[0<h-c<a-c 


a b 
b-c a-c 


va C > 0. 
a-b 


Vi du 2: Cho cac so thuc a, b, c doi mot khac nhau thuoc doan [0; 2], Chung minh rang: 

1 1 19 

+ + ^ 

(*) 

(a-b) 2 (b-c) 2 (c-a) 2 4 

( 1 1 

• Su dung BDT Co-si vdi x > 0, y > 0, ta co: — -1 - 

(x + y) 2 > 2.—,4xy = 8. 

U 2 A 

J x y 


~2 


Suy ra: 


8 


(1). Dang there xay ra<=> x = y. 
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Do vai tro cua a, b, c la nhu' nhau nen co the gia sii a > b > c. Ap dung BDT (1) cho cap so 
1 1 


duong a - b va b - c, ta co: 


->- 


(. a-b) (b — c ) ( a-b + b-c ) ( a-c) 

Dang thiic xay ra<=>a-b = b-c. 

1 1 1^8 1 9 


Suy ra: 


{a-b) 2 ( b-c ) 2 ( c-a) 2 (a-c) 2 (c-a) 2 (a-c) 2 

Mat khac, do a, c e [0; 2] va a > c nen 0 < a - c <2. Dang thiic xay ra <=> a = 2 va c = 0. 
1 1 1.99 


Do do: 


{a-b) 2 {b-c) 2 {c-a) 2 {a-c) 2 4' 

Dang thiic xay ra khi (a; b; c) = (2; 1; 0) va cac hoan vi. 


Vi du 3: Cho ba so duong a, b, c thoa man: a + b + c + abc = 4. Chiing minh rang: 
a + b + c>ab + bc + ca 


• Do vai tro cua a, b, c la nhu nhau nen co the gia sii a > b > c. 

Tu gia thiet ta co: 3c +c 3 < 4 = a + b + c + abc <3 a + a 3 =>a>lvac<l. 

+ Neu a >b >1 >cthi 4>a + b>l4ab => ah <4. Do do: 

(a + h-2) 2 > 4(a-1 ){b- 1) > ab{a- 1 ){b- 1) 


<» {a + b-ab){ab + l)>{4-a-b){a + b-l) <» a + b-ab>-—-—-{a + b- 1) 


ab + 1 


( 1 ) 


Mat khac, tir gia thiet suy ra c = ——-——. Ket hop voi (1) ta co: 


ah + 1 

a + b-ab> c{a + b- 1) <» a + b + c>ab + bc + ca (dpcm). 

+ Neu a > 1 > b > c thi ta co {a- 1 ){b - l)(c -1)>0 => a + b + c>ab + bc + ca + 1- abc (2) 
Mat khac, ap dung BDT Co-si cho cac so duong, ta co: 

4 = a + b + c + abc>4\[abcabc =>abc<l. 

Ket hop voi (2) ta co dpcm. 

Dang thiic xay va<=> a = b= c = 1. 


Vi du 4: Cho ba so thuc duong a, b, c thoa man abc = 1. Chiing minh rang: 


1 


1 


4l + b 2 


• Do vai tro cua a, b, c la nhu nhau nen co the gia sii a > b > c. 
Vi abc = 1 nen be < 1 va a > 1. Ta co: 


Vl + b 2 


U + b 2 1 + c 
4 4 a 

1 +be 1 + a 


2 2 - 21 + - 

(l + h 2 )(l + c 2 )J ^ (1 


-be 

\-bc) 2 


Suy ra: 


Vl + h 2 


= < 2 , 


1 + a 


Mat khac ta co: 




( 1 ) 

( 2 ) 
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Ta se chiing minh: 2.1—< — r = (3) 

V 1 + a 1 + a yj 2 

That vay, (3) <=> 1 + 3 a-2^2a(l + a) > 0 <=> (V2a -Jl + a) > 0 (luon dung). 

Tir (1), (2) va (3) suy ra dpcm. Ddng thiic xay ra<g>a = b= c=l. 

Vi du 5: Cho cac so thirc ducmg a, b, c thoa man a + b + c = 3. Chiing minh rang: 
a 2 + b 2 + c 2 + abc > 4 

• Do vai tro cua a, b, c la nhu nhau nen co the gia sir a >b > c. Suy ra c < 1. 

Ta co: a 2 + b 2 +c 2 + abc = 9- 2(ab + bc + ca ) + abc =9 + ab(c - 2) - 2c(3 - c). 


- 2c(3 - c) (1) 

-2c(3-c)>4 (2) 


f a + b\ 


{ 2 J 

l 2 J 


a z + b z +c / >9 + (c-2)| 
Ta se chiing minh: 9 + (c - 2) 


That vay, (2) <=> (c -1) (c + 2) > 0 (luon dung). 

Tir (1) va (2) suy ra dpcm. Bdng thiic xay ra a = h = c = 1. 


Vi du 6: Cho a, b, c la cac so thirc khong am thoa man: a +b+ c =3. Chiing minh rang: 
ab + be + ca < 2 + abc 

• Do vai tro cua a, b, c la nhu nhau nen co the gia sir a = max {a, b, c}. Xet hai kha nang: 

+ Voi a > b > c > 0. Khi do: 

a{b-a){b-c ) < 0 a 2 b + abc>ab 2 +ca 2 <» ab 2 +bc 2 +ca 2 < a 2 b + bc 2 +abc (1) 

Ma a 2 b + bc 2 -2 = b(3-b 2 )-2 = -(b-l) 2 (b + 2)<0 (2) 

Tir (1) va (2) suy ra dpcm. 

+ Vcri a >c >b > 0. Khi do: 

b(c - a){c -b)< 0 ab 2 + be 2 + ca 2 < ca 2 + cb 2 + abc (3) 

Laico: ca 2 +cb 2 -2 = c(3-c 2 )-2 = -(c-l) 2 (c + 2)<0 (4) 

Tir (3) va (4) suy ra dpcm. 

Dang thiic xay ra « (a; b\ c) = (1; 1; 1), (^2; 0; l), (o; 1; ^2), (l; ^2; o) . 

II. Bai tap ap dung: 

Bai 1: Cho a, b, c la cac so thirc khong am, thoa man a + b + c = 1. Chiing minh rang: 

ab + bc + ca- 3 abc > —. 

4 

Bai 2: Cho a, b, c la cac so thirc khong am, thoa man a 2 +b 2 +c 2 + abc = 4. Chiing minh rang: 
abc + 2 >ab + bc + ca> abc . 

Bai 3: Cho a, b, c la cac so thirc thuoc doan [-1; 1], Chiing minh rang: 

|(a - b){b-c) + (b-c)(c-a)\+ ic-a)(a - b)\ > ||(a - b)(b -c)(c -a)\. 

Bai 4: Cho a, b, c la cac so thirc thuoc doan [1; 2], Chiing minh rang: 
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ri i r 

\a b c. 


(.a + b + c ) 


Bai 5: Cho a, b, c la cac so thuc thuoc doan [0; 1]. Chung minh rang: 
a(\-b) + b(\ - c) + c(l - a) < 1. 


VAN DE III: 

Chirng minh Bat dang thirc co chira bien 6* mau 


1. Su’ dung hai bat dang thirc cn ban sau: 


V&i a, b, c la ba so thuc duong tuy y, ta co: 
114 

1119 

-+->—r (!) 

- + - + ->--- (2) 

a b a + b 

a b c a + b + c 

1 Vi du 1: Cho ba so thuc duemg a, b, c thoa man a + b + c = 1. Chung minh rang: 

— + — >16 

(*) 

; ac be 


x j . i i lfi r 

• Ap dung (1) ta co: — + — = - — + — 

ac be c\a b. 


Dang thuc xay ra <=> c = ^,a = b = ^. 


c(a + h) ( c + a + b 


Vi du 2: Cho ba so thuc duemg a, b, c thoa man a + b + c < 3. Chung minh rang: 
' _^_ + ^ 009_ i6?0 

a+b+c ab + bc + ca 


• Ap dung (2), ta co: 

1 


a 2 +b 2 +c 2 ab + bc + ca ab + bc + ca a 2 +b 2 +c 2 +2{ab + bc + ca) 

9 - (3) 


(,a + b + cY 
2007 ^ 3.2007 


Mat khac, ta co: 3 (ab + bc+ca)<(a + b + cf ^ _ 

ab + bc + ca (a + b + c) 2 

Tu (3) va (4) suy ra dpem. Dang thuc xay ra <=> a = b = c = 1. 


> 669 (4) 


2. Dat mau la cac bien mol 


Vi du 3: Cho ba so thuc duomg x, y, z. Chung minh ring: 

^ + J+ + _?+>12 (.) 

y+z z+x x+y 


• Dat a = y + z, b = z + x, c = x + y (vdi a > 0, b > 0, c > 0). 

„ b+c-a c+a-b a+b-c 

Suyra: x =- ,y = -, z = - . 
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Taco: VT (*) = 


25(b + c-a ) 4 (c + a-b) 9 (a + b-c) 


2 a 


2b 


r256 + 4.W25c + M + r^ + 9feTi 9sl0+15 + 6 _i9 = i 2 . 

I 2 a 2bJ l 2 a 2c) \2b 2c) 


Bang thuc xay ra <=> \ ^ ^ => 5b + 5c = 5a => jc = 0 (vo M). Vay BBT (*) dung. 


3. Danh gia nghich dao 

Vi du 4: Cho a, b, c la do 

ai ba canh cua mot tarn giac. Chung minh rang: 

a 1 b J c ^ 

b+c-a V 

c+a-b v 

a + b-c 


► Ap dung BBT Co-si, ta co: 2. —- +1 = 


b + c I a 

a \b + c- 


->^L. 

a b + c 


Tuong tu: 


c + a-b a + c Ma+b-c a + b 


Ta chi can chung minh: ——l———l—-— > — la xong. 

b+c c+a a+b 2 


4. Dira v€ fifing bac 


Vi du 5: Cho ba so thuc duong a, b, c thoa man: ab + be + ca = 1. Chung minh rang: 
a b c „ 3 


N/l + fl Vl + b Vl + c 


Tuong tu: 


f l + a 2 ylab + bc + ca + a 2 J(a + b)(a + c) 

b 


< 1 f a + a 
2ya + b a + c. 


f_^ + o 

C < 1 | 


Va + b b + cj 


la + c b+c) 


Cong cac BBT tren, ve theo ve, ta duoc dpem. Bang thuc xay ra<=> a = b = c = —j=. 

V 3 


5, Them but bieu thuc de khir mau 


Vi du 6: Cho ba so thuc duong x, y, z thoa man x + y + z = 3. Chung minh rang: 

-^ + -^ + -^—> 1 - + ^-(xy + yz+vc). (*) 

y 3 +8 z 3 +8 x 3 +8 9 27 


►Ta co: 


y + 2 | y z -2y + 4 >X 
3 


9x + y-y -6 


Tuong tu: 


y 3 + 8 27 27 

y 3 ^9y+z-z 2 -6 


27 


9z + x-x -6 


27 


x +8 


27 


Cong cac BBT tren, ve theo ve, ta co: 

10(x + y + z)-(x 2 +y 2 +z 2 )-18 = 12 -(x 2 +y 2 +z 2 ) = 
27 27 


VT (*) > - 
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3 +(x + y + z) ~(x +y~ + z ) 12. . .. . 

: ------------ = - + — (xy + yz + zx) (dpcm). 

27 9 27 


Dang thuc xay ra x=y = z = 1. 


Vi du 7: Cho ba so thuc ducmg a, b, c thoa man a + b + c = 3. Chung minh rang: 
a b 


->1 

\ + b * 2 1 + c 2 1 + a 2 2 


(*) 


l + b z 2 
ac 

->c -. 


i+r i +b z 

X + b ^ u bc c 

Tuongtu: - ->b-—\ - ; 

1+c 2 2 i + a - 2 

1 3 

Do do, ta chi can chung mi nh : a + b + c- — (ab + bc + ca) > —. 

Tir BDT 3 (ab + bc + ca)<(a + b + c ) 2 suy ra ab + bc + ca< 3 . 

1 3 

Dodo: a + b + c- — (ab + bc + ca)> —. Dang thuc xay r a <=> a = b = c = 1. 


6. Danh gia mau 


Vi du 8: Cho ba so thuc ducmg a, b, c . Chung minh rang: 




i cr +8 b z +14 ab 


^3b 2 


+ 8 c z + 14 bc \fic z + 8 a z + 14 ca 


>—(a + b + c) (*) 


• Ta co: ^3a 2 + 8 b 2 + Uab = J(a + 4b)(3a + 2b) < -(4a + 6b) = 2a + 3b. 

2 

Tuomg tu vdi cac mau so con lai. Tu do: 


VT (*) > 


(a + b + c) z 


2a+3b 2b + 3c 2c + 3a 2a + 3b + 2b + 3c + 2c + 3a 5 


= — (a + b + c) (dpcm). 


Dang thuc xay ra a = b = c . 


Vi du 9: Cho ba so thuc ducmg a, b, c thoa man abc = 1. Chung minh rang: 
ab bc ca 


a +b + ab b +c + bc c +a + ca 


(*) 


• Trade het ta chung minh BDT: x 5 + y 5 > x z y z (x + y) (1) vdi moi x > 0, y > 0. 
Taco: (1)« x 3 (x 2 -y 2 ) + y 3 (y 2 -x 2 )> 0 o (x 3 -y 3 )(x 2 -y 2 )>0 

<=> (x -y) 2 (x + y)(x 2 +xy + y 2 )> 0 (luon dung vdi moi x > 0, y > 0). 

Do do: 


ab 


ab 


Tuomg tu: 


a 5 +b 5 +ab a 2 b 2 (a + b) + ab ab(a + b) + abc ab(a + b + c) 
bc ^ 1 ca ^ 1 


b 5 +c 5 +bc bc(a + b + c) 


c 5 +a 5 +ca ca(a + b + c) 
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1 


Suy ra: YT (*)<- 

ab(a + b + c) bc(a + b + c) ca(a + b + c) abc(a + b + c) 

Dang thuc xay ra<=> a = b = c = \. 

II. Bai tap ap dung 

Bai 1: Cho ba so thuc duong a, b, c. Chung minh rang: 


= 1. (dpcm) 


2 a 5 


2 b 5 




a 6 + be b 6 + ca c 6 + ab b c ca ab 
Bai 2: Cho ba so thuc duong x, y, z thao man x + 2y + 3z = 18. Chung minh rang: 
2y + 3z + 5 3z + x + 5 x + 2y + 5 > 51 

1+x l + 2y l + 3z 7 

Bai 3: Cho hai so a, b duong. Tim gia tri nho nhat cua bieu thuc: 

p_ a + b 

Ja(4a + 5b) + Jb(4b + 5a)' 

Bai 4: Cho ba so thuc duong a, b, c thoa man a + b + c = 2. Chung minh rang: 
ab be 


<1. 


V 2c + ab \l2a + bc yj2b + 

Bai 5: Cho ba so thuc duong a, b, c . Chung minh rang: 

' i + 3 a -g_. 

ab + bc + ca a + b + c 

Bai 6: Cho ba so thuc ducmg a, b, c thoa man a 2 + b 2 +c 2 = 3. Tim gia tri nho nhat cua bieu 
b 5 


thuc: 


M= - 


— + a +b + c 


b 3 +c 2 c 3 +a 2 a 5 +b z 
Bai 7: Cho ba so thuc duong a, b, c thoa man ab + be + ca = 3 . Chung minh rhng: 

1 1 11 

- 1 - 1 -^ -. 

1 + a 2 (b + c) 1 + b 2 (c + a) 1 + c 2 (a + b) abc 

Bai 8: Cho ba so thuc duong a, b, c thoa man a 2 +b 2 +c 2 = 1 . Chung minh rhng: 

a 5 + b 5 b 5 +c 5 c 5 +a 5 , , . _ 

-1-h-> 3 (ab + be + ca) - 2. 

ab(a + b) bc(b + c) ca(c + a) 

Bai 9: Cho ba so thuc duong a, b, c thoa man abc > 1 . Chung minh rang: 


a+ J_Y fc+ J_Y c+ J_)>2Z. 

a + lA b + lA c + lj 8 


Bai 10: Cho ba so thuc duong a, b, c . Chung minh rang: 

a 1 +bc b z +ca c +ab 
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VAN DE IV: 

CHlTNG MINH BAT DANG THIJC 
Ttr NHLrNG bAi TOAN TRONG TAM GIAC 

M6' dau: Trong chung minh bat dang thuc, dac biet la cac bai toan co bien rang buoc bbi 
mot he thiic cho trubc thoat nhin chung ta cii nghT do la bai toan dai so thuan tuy nhung neu 
biet bien doi linh hoat dieu kien de chuyen bai toan ve dang luong giac thi each giai se trb 
nen don gian hon rat nhieu. Qua bai viet nay tac gia mong muon giii den cac em hoc sinh 
mot phuong phap ma tir truoc den nay thong thucrng cac em it nghT den. 

I. Khi nao thi co the van dung bat dang thiic trong tam giac? 

• Tu dieu kien a,b,ceR + , ab + bc+ca = \ luon ton tai 3 goc cua AABC sao cho: 

A , B C 

a = tan —, b = tan —, c = tan — 

2 2 2 

• Tu dieu kien a,b,ceR + , ab + bc + ca = abc luon ton tai 3 goc cua AABC sao cho: 

a = tan A, b = tanB, c = tanC 

• Tu dieu kien a,b,c e R + , a 2 = b 2 +c 2 -abc (*) vbi a e(0;2) =>Ton tai AABC co 3 goc 

thoa man dieu kien (*) va ta de dang tinh duoc goc A thong qua dinh ly ham so cosin. 

• Tu dieu kien a 2 +b 2 +c 2 +2abc = 1, a,b,ce[- 1; l] luon ton tai: 

a = cosA, b = cosB, c = cosC vbi A + B + C = n 

II. Mot so ket qua co 1 ban 

A 


• Khi ta dat a = tan - 


• ^ 2a . 1 - a 2 . A 

> sin A =--;cosA =-;sin— = 

1 + a 2 1 + a 2 2 


A 

=;cos — = - 
2 . 


1 


• a, b, ce R + , ab + be + ca = 1 
=^> 1 + a 2 = (a + b)(a + c), 1 + b 2 =(b + c){b + a), 

1 + aZ? 


'l + a 2 z VI + a 2 
1 + c 2 =(c + a)(c + b) (1) 


• a, b eR + - 


( 2 ) 


'l + a 2 Vl + h 2 

That vay (2) tuong duong vbi (1 + ab) 2 < (1 + a 2 )(l + b 2 ) lab < a 2 +b 2 

(3) 


» a,b,c e R + ,ab + bc + ca = l- 


b 

> - 2 + ~ 

1 + a 1 + 

That vay trubc het ta chung minh: 

a b l + ab 


1 + a 2 l + b 2 yl(l + a 2 )(l + b : 


)(l+c ) 


a(b + c) + b(c + a) 


l + ab 


(a + b){b + c)(c + a) (a + b){b + c){c + a) 
o a(b + c) + b(c + a) = 1 + ab o ab + be + ca = 1 
l + ab 


(Ap dung ket qua (1)) 


Vi 


< 1 => dpcm 


V(l + a 2 )(l + h 2 ) 

a,b,c eR + ,ab + bc + ca = 1 


1-a 2 l-b 2 

> -T + -T 

1 + a 2 l + b 2 
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That vay tnroc het ta chung minh 


1 -a- \-b z 


2c(l + ab) 


1 + a 2 1 + b 2 J(l + a 2 )(l + b 2 )(l + c 2 ) 

Sau do dung ket qua (2), ta co dieu phai chung minh. 

III. Nhin bai toan bSng con mat lirong giac: 

• Ta thay (2) <» - ' a ^ 


A B . A . £ , (A fiV, 

<=> cos—.cos—+ sin —.sin—< cos - <1 

2 2 2 2 U 2j 

Ro rang bat dSng thuc nay luon dung. 

, C 

• Ta thay (3) <=> sinA + sinB < 2cosy 

Nhungtaco: sin A + sin i? = 2cosy .cos ^ ^ ^ j, cos ^^ j- 1 => dpem. 

, C 

• Tathay(4)«- cosA + cos£<2sin — 

Nhungtaco: cosA + cos£ = 2siny.cos^y^J, cos ^^^ j<l => dpem. 
Bay gift ta se chimg minh cac bai toan phicc tap hon. 


Bai 1. Cho a,b,c > 0,ab + be + ca = 1. Chung minh rang: ———i—-—h . ^ C < VlO (1) 
_ 1 + a 2 1 + h 2 Vi + C 2 _ 

• Tathay(l) <» sin A + sin£ + 6sin y< 2>/l0 . 

C C C I — 

Lai co sin A + sin B < 2 cos —, nen ta se chung minh 3 sin — + cos — < VlO . 

2 2 2 


C C 

Theo BDT Bunhiacopxki j 3 sin — + cos — | < (9 +1) | 


( . 2 C 
sin — 

l 2 


+ cos 2 —J = 10 => dpem. 


2 2 3 10 

Bai 2. Cho a,b,c> 0 ,abc + a + c = b. Chung minh rang:-1-< — (2) 

1 + a 2 1 + h 2 1 + c 2 3 


• Bay la bai toan kho nhung nhin ky cac ban se thay abc + a+c=boac+ — + — = 1. 

b b 

_ ,, ^ A 1 B C 

Tudotadat a = tan —, — = tan—, c = tan —. 

2 b 2 2 

(2) <» 2cos 2 —-2sin 2 — + 3cos 2 — < — <» (cos A + l)-(l-cos£) + 3[ 1-sin 2 — )< — 
2 2 2 23 k 2^3 

n . c f a-b) „ . 2 C 1 

<=> 2sin —.cos- -3sin 2 — < — (*) 

2 { 2 J 2 3 

Vicos <1 =^> VT (*) < 2sin —-3sin 2 — 

l 2 J 2 2 

Ta se chung minh: 
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2sin — -3sin 2 — < - « 2sin — -3sin 2 — --< 0 « Alfsin — --1 <0. 
2 23 2 23 l 2 3 ) 

Bieu nay la hien nhien =^> dpcm. 


Bai 3. Cho x, y, z la cac so dirong thoa man x(x + y + z)=3yz. Chiing minh rang: 
_ (x + y) 3 + (x + z) 3 + 3(x +y)(y +z )(z + x) < 5(y + z) 3 (TSBH 2009A) 


• Bat a = x + y, b = y + z, c = z + x thi a, b, c la cac so duong va 


b+c-a c + a-b a+b-c 
x = ; y = ; z = 


2 2 2 
Bai toan tra thanh: Cho a, b, c la cac so dirong thoa man a 2 =b 2 +c 2 -be. Chiing minh: 
b 3 +c 3 + 3abc<5a 3 (*) 


Coi a, b, c nhir la 3 canh cua tarn giac, ta suy ra goc A = 60° 

Ta co (*)«• (b + c){b 2 -bc + c 2 ) + 3abc = a 2 (b + c) + 3abc < 5a 3 


a(b + c) + 3bc < 5a 2 (**) 

Van dung dieu kien goc A = 60° va cac he thiic a = 2Rsin A, b = 2RsinB, c= 2RsinC 
Ta co (**) 2V3(sinB + sinC) + 12sinB.sinC < 15 
Mat khac ta co: 


• -pv . . ,B + C r . (sinR + sinC)^ 

sinB + smC < 2 sin(-) = V 3, sin B sin C < -— 

2 4 




Ta suy ra dpcm. Dau bang xay ra khi a = b = c ox=y = z. 


Bai 4. Cho a,b,c > 0,a 2 + b 2 +c 2 +2abc = 4 . Chiing minh rang a + b + c > abc + 2 


(4) 


* Tir gia thiet suy ra a,b,c e[ 0; 2], do do ton tai A, B, C e 0; y sao cho 


a = 2cosA, b = 2cosB, c = 2cosC va a 2 + b 2 + c 2 + 2a.be = 1 
Suy ra A, B, C la cac dinh cua tarn giac nhon ABC. 

(4) <^> cos A + cos B + cos C > 4 cos A. cos B. cos C +1 


. A . B . C 

o sin—sin—sin — > cos A. cos B. cos C 
2 2 2 


T (cosA + cosB) . 2 C 2 (A-B^\ . 2 C 

Ta co cosA.cosB < -= sin —.cos - <sin 

4 2 l 2 J 2 


Tuong tu co 2 bat dang thiic nua. Sau do nhan ve vdi ve, 3 bat dang thiic cimg chieu ta co 
dieu phai chiing minh. 


x,y,z> 0 


. Chiing minh rang: 


„ 3yj3 


V1 + jc 


\li+y 


1 + z z 


<5) 


* Bat x = tanA, y = tanB, z = tanC voi A, B, C la 3 goc nhon cua tarn giac ABC 


„ 3yj3 


thi (5) <» sin A + sinB + sinC < 

^ 2 
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• f A 

■ sin - 


^ , ... , . „ „ . fA + 5^ (A-B^\ „ . fA + 5^ 

Taco sinA + sin5 = 2sin - .cos <2sin - 

2 2 J 2 


sin C +sin 60 < 2 sin 


r c+6o° " 

l 2 , 


,, . . _ . _ . , nU . . I A + B + C + 60° . . , _ o 4^ 

Tudo suyra sinA + sin5 + sinC + sin60 <4sin - =4sin60 =- 

1 4 2 


„ 3-^3 


hay sin A + sin B + sinCpiS^— (dpcm). 


VAN DE V: 

CHUNG MINH BAT DANG THUC 
BANG PHlTONG phAp LtTONG giAc 


* Be hoc sinh nam kien thuc mot each he thong toi (tac gia) da lap bang mot so dau hieu 
nhan biet sau: ( Gia su cac ham so lugng giac sau deu co nghTa) 


Bieu thuc dai so 

Bieu thuc luung giac 
tuongtu 

Cong thuc luung giac 

1 + x 2 

1 + tan 2 1 

, 2 1 

1 + tan~ r =-— 



cos~ t 

4x 3 -3x 

4cos 3 t-3cost 

4 cos 3 1 - 3 cos t = cos 3 1 

2x 2 -1 

2cos 2 t-l 

2cos 2 r-l = cos2r 

2x 

2tant 

2 tan t „ 



-— = tan 2 1 

1-x 2 

l-tan~ t 

1-tan 2 1 

2x 

2 tan t 

2 tan t . . 

— 


-— = sin2t 

1-x 2 

1-tan 2 1 

1-tan 2 t 

x + y 

tan a + tan/? 

tana + tan/? 

-— = tan(a + /?) 

1 -xy 

1-tan a. tan /? 

1-tan a. tan p 

x 2 -\ 

-T—i 

1 2 
---1 = tan~ a 


cos a 

cos 2 a 





MOT SO PHlTONG PHAP LlTONG GIAC DE CHlTNG MINH 
BAT DANG III It DAI SO 


[. DANG 1: Sir dung he thirc sin 2 a +cos 2 a = 1 

1. Phuung phap: 


a) Neu thay x 2 + y 2 = 1 thi dat x sino: vdi a e [0; 271]. 

‘ [y = cosa 
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b) Neu thay x 2 +y 2 = a 2 (a > 0) thi dat < 


voi a e [ 0 ; 2n]. 


2. Cac vi du minh hoa: 


Vi du 1: Cho 4 so a, b, c, d thoa man: a+ b = c + d = 1. Chung minh rang: 

-yjl <S = a(c + d) + b(c-d)<^ (1) 

[a = sinw , [c = sinv 
• Dat ^ va \ 

[b = cosu [a = cosv 

=> S = sin w(sin v + cos v) + cos w(sin v - cos v) 

= (sinwcosv + sinvcosw)-(cosMCOSv-sinMsinv) = sin(w + v) - cos(« + v) 

= ^sinj^w + v)-^ => -V2 < S = a{c + d) + b(c - d) < \[2 (dpcm). 


Vi du 2: Cho a 2 + b 2 = 1. Chung minhrdng: (a 2 + -0 +(b 2 + > — (2) 


• Dat a = cos a, b = sin a voi 0 < a < 2k. 


VT (2) = \a~+—\ + \b -t -= cos' a + 


- + 4 = cos a + sin a + 


4 cos a+sin a 


cos a + sin a 1 + 


cos a + sin a - 2 cos a sin a 1 + 


+ 4> 1-^ (l + 16) + 4 = ^- + 4 = ^ (dpcm) 


Dau "=" xay ra <» sin 2a = 1 <» I 


Bay gicr ta day bai toan len muc do cao hon mot buoc nua de xuat hien a +b~ = 1. 
Vi du 3: Cho a 2 + b 2 - 2a - 4b + 4 = 0 . Chung minh rhng: 

A = \a 2 -b 2 +2yf3ab-2(l + 2yj3)a + (4-2yl3)b + 4yf3-3\<2 (3) 


» Bien doi dieu kien: a+ b - 2a - 4b + 4 = 0 <=> (a - 1 )+ (b - 2) = 1. 

E)at \ a ~^ = s ^ na = 1 +since 
|h-2 = cosa \b = 2 + cosa' 
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> A = |sin 2 a-cos 2 a + 2V3sinacosci:| 

¥ 


3 sin 2a -cos 2a =2 


1^3 . 0 1 0 

—sin 2a —cos 2 a 
2 2 


= 21 sin | 2a - — J < 2 (dpcm) 


L = l + — [« = ^ 

Dau "=" xay ra \ 2 hoac J 2 j-. 

l 2 l 2 


Vi du 4: Cho a, b thoa man : 5a + 12b + 7 = 13 . Chung minh rang: a +b~ + 2 (b -1) > -1 (4) 


• Bien doi bat dang thuc (4) <=> (a -l ) 2 + (b + 1 ) 2 > 1 


[a -1 = Rsina , • r. ^ a ^ [a = i?sina: + l _ , n 2 , /, , n 2 D 2 
Bat <, , „ voiR>0<=>i, „ <=>(a-l) +(b + \) =R 

• [b + l = Rcosa [b = Rcosa-l 


Ta co: |5a + 12b + 7| = 13 <=> |5(R sin a +1) +12(7? cos a -1) + 1\ = 13 


|5i?sincf + 12i?cosa| = 13 <=> 1 = R —sin a +—cos a = /? sin f a + arccos— 1 < R 
1 1 13 13 13 


Tu do suy ra (a -1 ) 2 + {b +1 ) 2 = R 2 > 1 (dpcm). 


18 

\a = — 
1 13 


Dau "=" xay ra <» hoac < . 

b = - b = —- 

l 13 l 13 


II. DANG 2: Sib dung tap gia tri |sin a\ < 1; |cos« < 1 

1. Phmmg phap: 


a) Neu thay \x\ < 1 thi dat 


x = sin a khi a e 
x = cos a khi a e 


n n 

-J’J 

0;7rl 


b) Neu thay |x| < m (m > 0) thi dat 

2. Cac vi du minh hoa: 


x = m sin a khi a e 
x = mcosa khi a e 


n n 

_ Y’2" 

0 \k\ 


Vi du 1: Chung minh rdng: (l + x) p +(l-x) p <2 P , vdi |x;< \, p>i. 


• Dat x = cosa vdi a e [0; 7 t]. 

Khi do (1 + x) p + (1 - x) p = (1 + cos d) p + (1 - cos a) p 
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7 — + sin 2p —1 <2 P ( cos 2 — + sin 2 —1 = 2 P 

2 2 ) { 2 2 ] 


Vi du 2: Chu'ng minh rang: y/3 -2< A = 2^3 a 2 + 2a\l\ -a 2 <\fs +2 


• Tu dk 1 -a > 0 <=> \a\ < 1 nen dat a = cosa vdi 0 < a < tc => Vl-a = sina. 


A = 2^3 a 2 +2aVl-a 2 = 2-\/3cos 2 a + 2 cos a sin a =Ti( 1 + cos 2d) + sin 2a 
= 2|"^-cos2a + ^-sin2aj + '\/3 = 2sinf2a+yl +^3 => ^-2< A<yfi+2 (dpcm) 


Vi du 3: Chung minh rang: Vl + Vl-a 2 


• Tir dk \a\ < 1 nen dat a = cosa vdi ae [0 , tt] 

=> y/l-a = V2sin —; \Jl + a = V2 cos —; \ll-a 2 =sino: 

2 2 


(!)<=> ^l + 2sin^-cos^-.2-\^ 


cos 3 —-sin 3 — <2^2 +2^ sin — cos — 
2 2 2 2 


l 2 2A 2 2& 2 2 2 2j 2 2 

f . a aY ct . 2« • 2« „, , 

<=> sin —+ cos— cos-sin— = cos-sin“ — = cosa < 1 dung => (dpcm) 

2 2 2 2 2 2 


Vi du 4: Chung minh rang: S = 4|-\/(l-a 2 ) 3 -a 3 ] + 3[ a-yjl-a 2 ] < ^ 


Tu dk |a| < 1 nen dat a = cosa vdi a e [0, tc] => V1 - a = sina. 

Khi do: S = 14(sin 3 a - cos 3 a) + 3(cos a - sin a)I = I(3 sin a - 4 sin 3 a) + (4 cos 3 a - 3 cos a)I 


|sin3a + cos3a| = >/2 sin f 3a + ^ 1 <Ti => (dpcm) 


Vi du 5: Chung minh rang A = la^ll-b 2 + b^l-a 2 +Ti\ab - a/( 1 -a 2 )(l -h 2 ) ] < 2 


» Tu dieu kien: 1 - a > 0,1 - b > 0 => \a\ < 1, \b\ < 1 nen: 
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Vi du 5: Chung minh rang: 


■f 4 <Jy 2 -1 + 3 < xy\fl6 , V IjcI ; |_y| > 1 (* 


* Bat dang thuc (*) <=> - 




x x \ y y 


Do \x\, \y > 1 nen dat x = -, y =- vdi a, (3e 0, 

cosct cos P y 

Khi do: (1) « S = sina + cosa(4sin(3 + 3cos(3) <^26 


Ta co: S < sina + cosa^(4 2 + 3 2 )(shr f3 + cos 2 /3) = sina + 5 cos a 
< yj( l 2 + 5 2 )(sin 2 a + cos 2 a ) = \fl6 => (dpcm) 


IV. DANG 4: Sir dung cong thirc 1 + tan 


1. Phmmg pliap: 

a) Neu x e R va bai toan chua 1 + x thi dat x = tan a vdi a e 


b) Neux e R va bai toan chua x“+m“ thi dat x = mtana vdi a e 


2. Cac vi du minh hoa: 


Vi du 1: Chung minh rang: S = 


k/l + x 2 tJ(1+x 2 ) 3 \ 


• Dat x = tana vdi a e 


Khi do: S = ptana.cosa -4tan 3 a.cos 3 a\ = psina -4sin 3 a\ = |sin3a| < 1 (dpcm) 


Vi du 2: Tim gia tri ldn nhat va nho nhat cua bieu thuc: A = 


3 + 4tan~ a + 3tan a _ 3cos a+4sin acos a + 3sin a 
(1 + tan 2 a) 2 (cos 2 a + sin 2 a) 2 


= 3(sin a + cos a) - 2 sin a cos a = 3 - 
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c) Neu \ x, y ,z > 0 thi 3AABC : * = ™t A;y = cot5;z = cotC 

[xy+yz + zx = l A,B,Ce(0;^) 

\ A B C 

x = tan —; y = tan— ;z = tan — 

LI 2 ^ 2 2 

2. Cac vi du minh hoa: 

Vi du 1: Cho x, y, z > 0 va zy + yz + zx = 1. Tim gia tri nho nhat cua bieu thuc: 

S = —l-1- 3(x + y + z) 

_ x y z _ 

oc B v ( ; 

• Tvr 0 < x, y, z <1 nen dat x = tan —; y = tan —; z = tan— voi a, (3, y e 0,- 


2 2 2 2 2 2 


By ''I a 

— + — = cot — 
2 2 y 2 


<=> tan —+ — = tan-<=> — 


n a ] P y_n 


— oa + P + y=n 


L 2 2) ^2 2j 2 2 2 2 

L 1 1 „. . a y 6 y .( a B y^l 

-H-1-3(x + y + z) = cot —+ cot —+ cot—-3 tan —+ tan —+ tan — 

c y z 2 2 2 v 2 2 2J 

a a '|f B B^\ f y y^l f a B y^l 

cotg- tg— + cot g—-tg— + cot—-tan— -2 tan—btan— + tan — 


f cc B y 
-- 2(cota + cot/? + coty)-2 tan—+ tan—+ tan- 


cot a + cot/?-2 tan— + cot/? + coty-2tan — + cot y + cot a - 2 tan 


Deyrang: cot a + cot /? 


sin(a + /?) _ 2siny _ 2siny 

sin a. sin /? 2sincr.sin/? cos(« -J3)-cos(a + J3) 


2 sin y _ 2 sin y 
1-cos (a + P) l + cosy 


=-— = 2 tan — => cot a + cot P - 2 tan — > 0 

2 y 2 2 


Tu do suy ra S > 0. Dau "=" xay ra « x = y = z = 


Vi du 2: Cho 0 < x, y, z < 1 va - 


nhat cua bieu thiic: 


_ 4 xyz 

(l-x 2 )(l-y 2 )(l- 


-. Tim gia tri nho 
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a + P + y_n 


<+> a + p + y = n 




x+yz y + zx z + xy 2[Yx + .yz J + J ^z + xy 


= If , y~zx , z-xy ) | 3 
2^x + >’z y + zx z+xyj 2 

: ^(coso:+ cos^+ cos^) + ^- = ■^■[fcosa+cos/?)-(cosacos/?-sinasin/?)J + -^- 
I (( cos a + cos ^) 2 + l) + i (sin 2 a + sin 2 P) - cos a cos P j + 

: — [(cos 2 a+sin 2 a:) + (cos 2 /? + sin 2 /?) + l] + I = — + —= — (dpcm) 


Chuy: * cos <2 + cos /? = (cos <2 + cos /?). 1 < [(cos <2 + cos /?) 2 +1] 


: sin a. sin/? <—(sin a + sin /?) 


BAI TAP AP DUNG 

Bai 1. Cho a 2 + b 2 = 1. Chung minh rang: |20a 3 - 15a + 36 b - 48b 3 1 < 13 . 
Bai 2. Cho (a - 2) 2 + (b-l) 2 =5. Chung minh ring: 2a + b < 10. 

Bai 3. Cho Chung minh rang: a +b 2 > a 3 +b 3 


Bai 4. Cho a, b, c > 1. Chung minh rang: (a- nh-i¥c-iw fl -i¥*-^- 


. Chung minh rang: 


b) xy + yz + zx^ 1 


c) x 2 +y Z + z >- 

4 


d) xy+yz + zx< 2 xyz + — e) 1 


1 + X \l + ,y vl + Z 


1 1 2 

Bai 6. Chung minh rang: j + , < . , V a, b e (0; 1 

Vl + a 2 \ll + b 2 vl + ab 


Bai 7. Chung minh rang: (a + 2 ){b + 2)(c + 2) > 9(ab + be + ca ), V a, b, c > 0. 
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x,y,z> 0 
xy + yz+zx = 1 ’ 


l-* 2 1-y 2 l- z 2 2 


Bai 9. Cho J 0 Chu'ng minh rang: 

x + y + z = xyz 


3ai 10. Cho J *>y>z>0 Chung minh rang: 
[xy + yz + zx = 1 


jl + x \]l + y Vl + z' 


2x ^ 2y 


l + x V 1 + ) 7 vl + z vl + x~ yjl + y \Jl + z 


VAN DE VI: 

MOT HlTCJiNG CHUNG MINH BAT DANG THUC 


A. Ca sd li thuyet 


Xuat phat tit bat dang thuc ( a - b) 2 > 0, Va, b 

Dau “= ” xay ra o a = b. 

(*) 


1 . Tir (*) tasuyra: a 2 +b 2 >2ab, Va,b 

(la) 


u a 2 +b 2 

Hay —-— >ab,\/a,b 

(lb) 


2(a 2 +b 2 )>(a + b) 2 , \la,b 

(lc) 



(Id) 


2. Vdi a, b> 0. Chia 2 ve cua (la) cho ab ta dugc: 



— +—> 2 
b a 

(2) 


3. Cong 2 ve cua (la) vdi 2 ab ta dugc (a + b) 2 > 4ab 

Hay >ab 

(3) 


Vdi a, b >0. Khai phirang 2 ve ta dirge: ~~~ - ( BDT Co-si vdi 2 so khong am) 


4. Vai a, b > 0, chia 2 ve cua (3) cho ab(a+b), ta dirge: 
a + b ^ 4 


(4) 


Hay - + ->-^—, 
a b a + b 


4 a 4b a + b 


5. Vai a, b> 0, nhan hai ve cua (2) vdi a ta dirge: 


- vb>2a 

b 


(5a) 


Hoac nhan hai ve vdi b, ta dirge: 
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(5b) 


6. Vdi a, b > 0. Lay nghich dao 2 ve cua (la) ta dirge: 

1 ^ 1 


2ab a 2 +b 2 
1 1 ^ a+b 


2a 2b a 2 +b 2 


(6a) 

( nhan2 ve vdi a + b) 
(6b) 


2{a b) a 2 +b 2 

7. Ydia, b > 0, tvr (1) « a 2 -ab + b 2 >ab <=> a 3 +b 3 > ab{a + b) (7) 

8. Tu {a-bf> 0, (b-c) 2 > 0, (c-a) 2 > 0 

Suy ra: a 2 +b 2 +c 2 >ab +be + ca (8a) 

Hay 3 (a 2 +b 2 +c 2 )>(a + b + c) 2 (8b) 


B. Bai tap ap dung 


Bai 1 . Cho a, b, c la do dai 3 canh cua mot tam giac (p la nua chu vi). Chung minh rang: 
1 1 


1 .fill 

-+-+- >2 - + - + - 

p—a p-b p—c ya b c 


1 1 4 

* Ap dung (4), vdi a, b > 0 ta co: —+ —>- 

a b a + b 


Tu do: 

1; , 1 4 4 

p-a p-b 2 p-a-b c 

(a) 


I; i 4 4 

p-b p-c 2 p-b-c a 

(b) 

1 1 4 4 

p-c p-a 2 p-a-c b 

Cong (a), (b), (c), ve theo ve, ta duoc: 

(c) 


J 1 1 11111 

2 -+-+- >4 - + - + — 

l P-a P-b p-c) {a b c) 

=> dpem. 


Dau "=" xay ra <+> a = b = c. 


Bai 2. Cho a, b, c> 0. Chung minh rang: 


a z +b l b 2 +c 2 c 2 +a 2 


Tu cong thuc (5) ta co: 

Cong cac BDT tren, ve theo ve, ta duoc: 


+ c>2a; — + a>2b\ - vb>2c 

a b 


c a 
a 2 b 2 c 1 


Tuong tu: ——I-1- >a+b + c 

b c a 


( 1 ) 

( 2 ) 
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„„ , a +b b+c c+a~ 

Cong (1) voi (2) ta duoc:-1-1-> a + b + c (dpem). 

2c 2 a 2b 

Dau "=" xay ra <=> a = b = c. 


Bai 3. Cho a, b, c> 0. Chung minh rang: 

a 2 b 2 c 2 a + b + c 

-1-1->- 

b+c c+a a+b 2 


• Tir cong thuc (5) ta co: 

+ (b+c)> 2.2a = 4a; ^-+(a + c) > 2.2b = \b\ + (a + b) > 2.2c = 4c 

b+c a+c b+c 

4 a 2 4 b 2 4 c 2 

Cong cac BDT tren, ve theo ve, ta dugc:-1-1-> 2(a + b + c) 

b+c a+c a+b 

Chia 2 ve cho 4 ta dugc dpem. 


Bai 4. Cho jc > 0. Chung minh rdng: (l + x) [— + — + 1 

’ W x ) 

>16 

• Tir (3)taco: (l + x) 2 >4x>0 

(a) 

va — + - + l = f- + ll > 4— > 0 

x 2 x yx j x 

(b) 

Nhan (a), (b), ve theo ve, suy ra dpem. 

Dau "=" xay ra « x = 1. 


Bai 5. Cho a, b, c> 0. Chung minh rang: 

\2 

l i . i 

i 

{ab ac be) {a+b a+c b+c) 


T ' 9 14 

• Tu (3) ta co (a + b) ^ 4 ab. Chia 2 ve cho ab(a + b) > 0 , ta duoc: — >-- 

ab (a + b) 2 


Tuoug tu: — > ^ 


1 


(a + c) 2 ’ be (b+c) 2 

Cong cac BDT tren, ve theo ve, ta dugc: 

1 1 1 


ab ac be {(a + b) 2 (b + c) 2 (a + c) 2 

1 1 1 


3 fi + i + ±)>4.3 

^ ab ac be J 


(a + b) 1 (a + c) 1 (b + c) 1 


i4 f-U_UJ_Y 

ya+b a+c b+c) 


(theo (8)) 


Bai 6. Chung minh rang: 2(a 3 + b 3 + c 3 ) > ab(a + b) + bc(b + c) + ac(a + c) 


• Tir (7) taco: a +b >ab(a + b); b + c > bc(b + c); c +a >ac(a + c) 

Cong cac BDT tren, ve theo ve, ta dugc: 

2(a 3 + b 3 + c 3 ) > ab(a + b) + bc(b + c) + (a + c) (dpem). 

Dau "=" xay ra <=> a = b= c. 
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Bai 7. Cho (x; y) la nghiem cua he phuong trinh: 
Tim gia tri lan nhat cua bieu thiic: 


ax - by = 0 
x + y = l 
?= xy. 


• Truoc het ta tlnh x, y. 


Tir ax = by => ax + ay = ay + by => a(x +y) = (a + b)y => y =- => x =- 

a+b a+b 


(a + b) 


.<! 

4 


Suy ra: Max xy = a = b x=y = ^. 


Bai 8. Cho a, b, c > 0. Chiing minh rang: 

1 1 


4 1 1 

• Tu(4)taco: r < —+ —^> 


2 a + b + c 2 b + a + c 2c + a + b 4 a 4b 4c 
11 1 


Suy ra 
Tuang tu: 


a + b a b 4a + 4b 16 a 16 b 
1 1 1 1 11 


2 a+(b + c) 8 a 4{b + c) 8a 4b + 4c 8a 16h 16c 
1 111 1 11 


2h + (a + c) 8 b 16a 16c 2c + (a + Z?) 8c 16a 16h 

Cong ve voi ve 3 bdt tren, roi nit gon ta co dpcm. 


Bai 9. Cho a, b, c> 0 thoa man — = — + — . Chiing minh rang: a + ^ + C + ^ > 4 
b a c 2a-b 2c-b 


rr,x , .i. 2 a + c 
Tu gia thiet — =- 


2 ac 


Suy ra: 


a + b 


2a-b 


=> b = - 

a + c 

2 ac 

a + c _ q2 + _ a + 3c 

2 ac 


2a L 


2 a 


Tuong tir 


2 a 

a + c 

c + b _c + 3b 
2c-b~ 2c 

a+b c + b _ a + 3c c + 3a _ac + 3c 2 +ca + 3a 2 
2a-b 2c-b 2 a 2c 2 ac 

_3(a z +c) + 2ac 3.2ac + 2ac 8 ac 


2 ac 


2 ac 


-= 4 (dpcm). 


2 ac 


Bai 10. Cho a, b, c> 0 thoa man a + b + c = 1 . Chiing minh rang: 

a+b+2c>4(l-a)(l-b)(l-c) 


• Tir a + b + c = 1 => h + c = 1 - a va 0<c<l => c / <l=>l>l-c z >0 
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Suyra: 4(l-a)(l-fc)(l-c) < [(b + c) + (l-b)f (l-c)= (l + c) 2 (l-c) = (l-c 2 )(l + c) 
<l + c = a + b + 2c (dpcm). 

Bai 11. Cho a, b, c la do dai 3 canh cua mot tam giac. Chung minh rang: 


b+c-a c+a-b a + b-c 

• Dat x = b + c-a\y = c + a-b\ z = a + b-c => x + y + z = a + b + c 


_x + y 

2 ’ ' 2 C_ 2 
y + z | z + * | * + y _ lfy | z | x | y | 
2x 2 y 2 z 2{x x y z 

Dau “=” xay ra <^x=y=z<^a = b = c hay AABC deu. 


Taco: VT(*) = + 


~J- ^-(2 + 2 + 2) = 3 


Bai 12. Cho a, b, c la do dai 3 canh cua mot tam giac. Chung minh rang: 

abc >{b+c-a){c + a-b){a + b-c) 

• Tucmg tu bai 11 taco: x + y>2y[xy, y + z>2^Jyz, z + x>2y[zx 

„ ,, ... , . y+z z+x , 

Suy ra: (b + c-a)(c + a-b)(a + b-c) = xyz <-—. 1 -.-= abc 

2 2 2 


Bai 13. Cho a, b, c >0. Chung minh rang: 

a 2 +b 2 b 2 +c 2 c 2 +a 2 

-1-1- 

a+b b+c c+a 


• Theo (lc)taco: 2 (a +b)> (a + b) 
Tucmg tu: 


a +b 


a + b 

b 2 +c 2 > b + c c 2 +a 2 > c + a 

b+c 2 c+a 2 

Cong cac BDT tren, ve theo ve, ta duoc dpcm. 


a + b 
2 


Bai 14. Cho a, b, c> 0. Chung minh rang: 

a+b b+c c+a 


• Theo (6) ta co : 


Tucmg tu: 


a +b 
a + b 


a z +b z 2 
b + c 


b +c 

s ifl 


111 

<-+—+- 

abc 


£4 


<_| _ 
! 2 


b + c^ C J c^ +a z 

Cong cac BDT tren, ve theo ve, ta duoc dpcm. 


4(H) 


Bai 15. Cho a, b> 0 thoa man a + b = \. Chung minh rang: 


t f 1 

ang: \ a+ — 


<*> 


* Tu (Id) ta co: 


, a 2 +b 2 ^ f, 

o: -> - 

2 


H) 
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Suy ra: 


h lT + f 6+ lTilf s+ I +i , + I N | 2 = lf 1+ fL^ + fL^f = lf 3+ “ 

a) { b) 2{ a b) 2{ a b J 2 ( b 


—I 3 + —+ —I ^ 
2 [ b a 2 


Bai 16. Cho a, b, c> 0. Chiing minh rang: 


1 1 1 < a+b+c 

1 1 1 F 1 l~ 2 

a b b c c a 


*Tu(4)ta co: — + — > —— =>—-—<— (a + b). 
a b a+b 114 


Tirong tvr: ~^—^<^(b+c). 


—-—<— (c + a). 

114 


be c a 

Cong cac BBT tren, ve theo ve, ta dirge dpem. 


Bai 17. Cho a, b, c > 0. Chiing minh rang: 


b + c c + a a + b 15 


b+c a+c a+b 


Theo (2)taco: —+ —>2. 

b a 


(b c c a a 
= -+-+-+-+-4 
ya a b b c 


b + c c + a a + b . *, ^ ^ ^ ^ ^ , . . . , 

M =-+-+-= | —i-1-1-1-1— |>2 + 2 + 2 = 6 

a b 


n =\= '' m || — + i 1-3 

l b + c c + a a + b {b + c Jl c + a [a + b 


= ia + b + c\[ —-—I— -—l—-—1-3 

v \b+c c+a a+b) 

= —\(a + b) + (b + c) + (c + «)][" —-— 4 —-— 4 —-—1-3 > — -3 = — 

2 LV ' V ' V ’\b + c c + a a + b\ 2 2 


3 15 

Suy ra: M+N >6 + — = —. Dau "=" xay ra <=> a = b = c. 


Bai 18. Cho 2 so duong a, b thoa a + b = 1 . Chiing minh rang: 


a)— - + ^r~ — t — 6 


ab a 2 +b 2 " 


2 3 

b)—+ „ „ >14 


ab a 2 +b 2 


• a) Tir (3) ta co 4 ab < (a + b) 2 => 4 ab <1 =^> — > 4 (vi a, b > 0) 

ab 

1 1 4 

Tu(4)taco —+ —>- 

a b a + b 


1 


1 


1 


1 1 

U ^ ra ' r,U + 2 . ,2 ' I ' A . ,2 \'~ 2" ' ( a + b) 2 


: -4-=-4 -4- 

ab a 2 +b 2 2 ab \2ab a 2 +b 2 

Dau “=”xay ra <=> a = b = . 

b) Tuong tu nhu tren ta co 
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ab a 2 +b 2 2 ab a 2 + b 2 2 ab {lab a 2 + b 2 J 2 


(a + b) 


Bai 19. Cho a, b, c, d> 0. Chung minh rang: 


a + c b + d c + a d + b ^ 


a + b b + c c + d d + a 


1 1 4 

• Sir dung cong thuc (4) ta co: — + — >-. 

a b a + b 


a+c c+a ( 1 1 | 4 

Suyra: -+- = (a + c)\ -+- \>(a + c )- 

a+b c+d ya+b c+dj a+b+c+d 


Tuongtu: b + d_ + d + b ^^ + ^- 

b + c d + a a + b + c + d 


Cong cac BDT tren, ve theo ve, ta dugc dpem. 


Bai 20. Cho a + b = 2. Chung minh rang: a 4 +b 4 >2. 


• Tir (lc) ta co: 2(a +b )> (a + b) =4 => a +b > 2 . 
va 2(a 4 +b 4 )>(a 2 +b 2 f>2 2 =4 

Suy ra: a 4 +b 4 >2 (dpcm) 


Bai 21. Cho |«| < 1, \b\ < 1, \a + b\ = \l3 . Tim gia tri Ion nhat cua bieu thiic: 

A = Vl -a 2 +sj\-b 2 (Be thi vao lop 10 THPT Hai Duong) 


• Ta co : A= \ll-a 2 +yll-b 2 >0 

Xet A 2 = \-a 2 + \-b 2 +2yJ(l-a 2 )(l-b 2 ) <2-(a 2 +b 2 ) + l-a 2 +1 -b 2 
= 4- 2(a 2 +b 2 < 4 - (a + b) 2 =1 

=> IaI^i =^-i< a<i 


A = 1 khi a = b |2a| = y[?> 4a 2 =3 a = ± 


■S 


VaymaxA=lkhi a = b = ^~ hoac a = b = -^~ 


Bai 22. Giai he phuong trinh: 


2x 2 

(a) 


l + y 2 

(b) 

2z 2 _ x 
,1 + z 2 

(c) 


* Tir he phuong trinh ta suy ra dugc: x,y,z> 0. 


Ta co: l + x 2 >2x => < 1 => y = < x 

1 + X l+x 2 
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2z 

x = -T^Z- 

1 + z 2 


2 y 2 

Tuang tu: z = ~^—r < y, 
l + y 2 

Nhu vay: x<z<y <x => x = y = z . 

Do do (a) <=> - 
] 

Vay he phuang trinh co nghiem: (0; 0; 0) hoac (1; 1; 1). 


2* 2 3 2 n rx = 0 

>- - = xox -x = 0<» . 

l + x 2 L* = 1 


VAN DE VII: 

bAt dAng THtrc VECTO VA tTNG DUNG 

I. CO sd LY THUYET. 

1. Do dai vecto'. 

Trong mat phang vdi he true toa do Oxy, vect o u = (x\y) co do dai la: 

\u\ = \jx 2 +y 2 

Trong khong gian vdi he true toa do Oxyz, vect a u = ( x;y,z ) co do dai la: 

\u\ = yjx 2 +y 2 +z 2 

2. Cac phep toan vecto 1 bieu thi qua toa do. 

Trong mat phang vdi he true toa do Oxy, hai vecta u = (xj ; y l ); v = (x 2 ; y 2 ) • 

Khi do ta co 

U + v =(x l +x 2 ',y l +y 2 )', u-v =(x l -x 2 ,y l -y 2 )\ ku = (kx l \ky l ) (ke £?y 

u.v = |m|.|v|cos(m,v); u.v = x y x 2 +y v y 2 

Chuy: Trong khong gian cac phep toan giua cac vecta tirang tir nhir trong mat pMng. 

3. Bat dang thuc vecto. 

Cho hai vecta a,b (trong mat phang hoac khong gian). Khi do ta co: 

• \a + b\ < d+\b\ (1). Dau“=” xay ra <=> a, b cung hrcdng. 


Tong quat: 




(n nguyen dirang). 


• \a-b\<\a\+\b\ (2). Dau “=” xay ra <» a, b ngirgc hirdng. 

• — dlJ/il < a.b < \a\.\b\ (3). Dau "=" thu nhat xay ra a,b ngugc hudng. 

Dau "=" thu hai xay ra <=> a, b cung hudng. 

II. UNG dung cua BAT DANG THtrc VECTO. 

1. tTng dung dl giai phirang trinh, bit phirang trinh, he phirang trinh. 

1.1. Phuong phap: Ta bien doi phuang trinh da cho sau do xet cac vecta co toa do thich 
hap roi ap dung mot trong ba BDT vecta tren va xet tnrdng hop dau bang xay ra de dua ra 
nghiem cua phuang trinh da cho. 


1.2. Vi du. _ 

Vi du 1: Giai phuang trinh sau: xyjx + l + \Js~x - 2yjx 2 +1 = 0 


( 1 . 1 ) 


• Dieu kien: -1 < x < 3 

Khi do taco (1.1) o x\Jx + 1+yJS- x =2\lx 2 +1 
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Xet hai vecto u = (x;l); v = (V* + 1;a/3-x) 

Taco u.v=x\jx + 1+^3-x; \u\.\v\ = 2\lx 2 +1 

Ma theo BDT (3 ) ta co U.v < |ti|. v| xy/x + l + ^-x < 2yjx 2 +1 

Vi u, v * 0 nen dau “=” xay ra <=> u,v cung hu'bng <=> 

_ [0<x<3 

^>0 «{° p £3 

[x 2 (3-x) = x + l 


<=>— = ,- 

1 -j3-x 


x = l \x = l 

x = l-V2 < ^|_x = l + V2 

x = 1 + \f2 


Vi du 2: Giai phu'ong trinh sau: yj x 2 — 2x + 5 + yjx 2 + 2x +10 — yj29 (1.2) 

• Phuong trinh da cho xac dinh vdi moi x. 

Taco (1.2) <=> -1) 2 + 4 + +1) 2 + 9 = V29 

Xet hai vecto m = (x -1; 2); v = (-x -1; 3). 

Khido m+v=(-2;5); |m| = \lx 2 - 2x + 5; |v| = yjx 2 +2x + 10; |m + v| = >/29 
Ma theo BDT (1) ta co \u +v| < |m| + |v| <» y]x 2 -2x + 5+ \lx 2 +2x + 10 < ^29 


x — 1 2 1 

Vi U,v * 0 nen dau “=” xay ra w, v cung hudng <=>-= — <» x = - 

—x — 1 3 5 


Vay phuong trinh (1.2) co mot nghiem duy nhat x = —. 


Vi du 3: Tim m de phuong trinh sau co nghiem: yfx- 2 + yjA-x = n 


(1.3) 


• Dieu kien: 2 < x < 4. 

Xet hai vecto u ={yJx-2;^4-x); v=(l;l). 

Taco \u\ = \f2; |v = \J2; u.v =^x-2 + ^A-x 

Matheo BDT (3) taco \u.v\ < |«|.|v| <=> \Jx-2 + \l4-x <2. 
Suy ra phuong trinh (1.3) co nghiem 0 < m < 2. 



x+y+z=3 


Vi du 4: Giai he phuong trinh sau 

x 2 +y 2 + z 2 = 3 
[x 3 + y 3 + z 3 =3 

(1.4) 


• Ta xet hai vecto u = (x; y; z)\ v = (1; 1; 1) 

Khi do ta co \u\ = \jx 2 + y 2 + z 2 = V3; |v| = a/3; u.v=x + y + z = 3 


Tutrentathay |w.v| = |w|.|v| <=> u, v cung hudng <=> ^ = ^ = 0o x = y = z> 0 


Ket hop vdi he da cho ta co nghiem duy nhat cua he (1.4) la x = y = z = 1. 


Vi du 5: Giai bat phuong trinh sau: ^[x-l+x-3>^j2(x-3) 2 +2x-2 

(1.5) 

• Dieu kien: x > 1. 

Xet hai vecto u = (x-3; yfx- 1); v = (1; 1) 
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Khi do ta co \u\ = -J(x-3) 2 + x-l; |v| = V2; u.v = yfx- 1 +x-3 
Tu tren va bat phuong trinh (1.5) ta thay u.v > |w|.|v| (*) 

Ma theo BBT (3) ta co \u.v\ < |«|.|v| (**) 

Tu (*) va (**) suy ra \u.v\ = |w|.|v| <^>u,v cunghircmg 

<=> V -3 = yjx -1 < 


x 1 -7x + 10 = 0 ^ 
x > 3 


J «x = 5 (Vi u,v* 0). 
Vay x = 5 la nghiem duy nhat cua bat phuong trinh (1.5). 


Bai 1. 
Bai 2. 
Bai 3. 


Bai 4. 
Bai 5. 


,3. Bai tap tu luyen. 

Giai phirong trinh sau: 

Giai phirong trinh sau: 
Giai bat phuong trinh sau: 

Giai bat phuong trinh sau: 
Giai he phuong trinh sau: 

(x + y)V1 


ylx 2 - 2x + 2 + ^4x 2 + 12x + 25 = ^9x 2 + 12x + 29 
cos x + \l'2 — cos 2 x +cosxV2-cos 2 x =3 
Vx+T + yjlx-3 + V50-3X < 12 
yj5-4\[x +^5 + 4\[x > 4 


+ x + y + 


^3-x — y = 2*J(x + y) 2 +1 


j x + y > V 2 
x -y = yfl — l 

i. Chung minh rang he phuong trinh sau vo nghiem: 

Jx 4 +y 4 +z 4 =1 

jx 2 +y 2 +2z 2 = 

Giai he phuong trinh sau: 

|x+y+z=3 
\x 2 +y 2 +z 2 =3 


Bai 8. Giai he phuong trinh sau: 


1 — X, + Jl-x, +... + J l-x™ 


1+Xj +^ + x 2 + ... + > /l + x 2008 ~ 2008 ^J^ 
2007 


2. tTng dung trong bai toan chung minh bat dang thnc. 


2.1. Phuong pliap: Ta bien doi BBT da cho sau do xet cac vecto co toa do thich hop roi ap 
dung mot trong ba BBT vecto tren va xet trubng hop dau bang xay ra de chung minh BBT 
da cho. 

2.2. Vi du. 


Vi du 1: Chung minh rang Vx,y eff ta co: 


y4cos xcos y+ sin (x-y) + -\/4sHr xskr y+ sin (x-y) > 2 


( 2 . 1 ) 
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• Xet hai vecta w = (2 cos x cos y; sin(x - y)); v = (2 sin x sin y; sin(x - y)) 

Khi do ta co \u\ = ^4cos 2 xcos 2 y + sin 2 (x-y); |v| = yj4 sin 2 xsin 2 y + sin 2 (x- y) 
u+v = (2cos(x-y);2sin(x-y)); \u+v\ = 2 
Ma theo BDT (1) ta co : 

|w| + |v| > \u + v\ <=> yj4 cos 2 x cos 2 y + sin 2 (x-y) + yj4 sin 2 x sin 2 y + sin 2 (x -y) > 2 
Vay BBT (2.1) dirge chiing minh. 


Vi du 2: Chu'ng minh rang Vx,y,z e U ta co: 

yjx 2 +xy + y 2 + y/x 2 +xz + z 2 >yjy 2 +yz + z 2 


( 2 . 2 ) 


f + 1 * + t) 2+ (t z ) i ^*«**' 


• Ta co (2.2) <» 


. f . 4 S ) . f 1 yfe 

Xethaivect au= x +— y;—y ; v= -x— z \—- 

[ 2 2 J 2 2 

Khi do ta co \u\ = yjx 2 +xy + y 2 ; |v| = yjx 2 +xz + z 2 

_ _ f i i Vs "\/3 1 u _i r ~2 2 " 

w+v = -y--z ; —y + —z ; |w + v| = -\/y + yz + z 

Ma theo BBT (1) ta co: 

|m| + |v >.m + v|« yjx 2 +xy + y 2 + V * 2 + *z + z 2 > ^/y 2 +yz + z 2 
Vay BBT (2.2) dirge chung minh. 


Vi du 3: Cho cac so thuc dirang a, b, c thoa man ab + bc + ca = abc. Chung minh rang: 
yj a 2 +2b 2 + yjb 2 +2c 2 + yjc 2 +2a 2 > ^ 


• Ta co: 

•Ja^+lb 2 -Jit+lc 1 Vc 2 +2a 2 , 


b 2 a 2 \c 2 b 2 V a 2 c 2 


_ - f 1 y/ 2 ) _ fl y/ 2 ) _ fly/2 

Xet ba vecta a = —;— ; v = —;— ; w= —; — 
b a } { c b ) a c 


VU . A , t _ Va 2 +2h ; _ 

Kh i do ta co u =- : -; v = 




ab be 

1 1 1 yfc 42 42 

- + - + -+-+- 

a b c a b c 


; IS + v + wl^f-UCi) 

(Vi ab + bc + ca = abc <» — + — + — = 1) 
abc 

Ma theo BBT (1) ta co: 

ui ui i^i I_ ^ ^1 yja 2 +2b 2 \b 2 +2c 2 yc 2 +2a 2 rr 

|a| + |v| + |w|> |w + v + w|<=>-+- h-> V3 

ah he ca 

Vi a, v, w * 0 nen dau “=” xay ra o u,v,w cung hirdng « a = b = c 
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Ma ab + bc + ca = abc suy ra a = b = c = 3. 

Vay BDT (2.3) dirge chiing minh va dau “=” xay ra a = b = c = 3. 

2.3. Bai tap tir luyen. 

i 1. Chiing minh rang Vx,y,| e U + ta co: 

^jx 2 +xy + y 2 + yjx 2 +XZ + Z 2 + yjy 2 +yz + Z 2 > V3(x + y + z) 
i 2. Chiing minh rang \/a,b,c,d e£7 ta co: 

yl(a + c) 2 +(b + d) 2 < \la 2 +b 2 Wc 2 +d 2 
i 3. Chiing minh rang Vx,y sff ta co: 

(x + y)(l-xy) 


|(l + x 2 )(l + y 2 ) 
i 4. Chiing minh rang Va, b, c,x,y,z e C ta co: 

a) |ax + by + cz\ < yja 2 +b 2 +c 2 .yjx 2 +y 2 +z 2 

b) sla 2 +b 2 +c 2 +\jx 2 +y 2 +z‘ 


>^a + x) 2 +(b + y) 2 +(c + z ) 2 
c) Va 2 -a + l + yja 2 ~43a + \>4l 


Bai 5. Chiing minh rang Vx,y, z > 0, x + y + z < 1 taco: 


2 +^r + Jy 2 +4r + Jz 2 + Ar^ V82 


(De thi DH nam 2003) 

i 6. Cho ba so thuc x,y,z doi mot khac nhau. Chiing minh ring: 

\*-y\ , |y-z| . \z-x\ 

Vl + x 2 \Jl + y 2 \]l+y 2 yll + z 2 yjl + z 2 V 1 + x 2 
i 7. Chiing minh rang vdi moi so thuc a, b ta luon co: 

a) yja 2 +b 2 -2a-2b + 37+ \la 2 + b 2 +6a-6b + 18>5 

b) yja 2 + 4 +a 2 -2a+ b 2 +l + ^Jb 2 -6b + 10> 5 
i 8. Chung minh rang \/a,b,c eU ta co: 

yj + 2 ci + 5 + 'si ci^ — lab 4 - b ^ 4-1 4 - '\J b^ — 2 be 4 - 4-1 

+ylc 2 -2cd + d 2 +l + jd 2 -10d + 26>6^ 
i 9. Chiing minh rang \/a,b,c e P ? ahe = 1 ta co: 


be ca ah 3 

- 1 - 1 -^ — 

a 2 b + a 2 c b 2 c + b 2 a c 2 a + c 2 b 2 


(Be thi DH NNI 2000) 


10. Cho x, y,u,VG H | u 2 + v 2 = x 2 +y =1. Chiing minh rang: 

|w(x-y) + v(x + y)|>\/2 

11. Chiing minh rang Vx,y e /7 ta co: 

a) -\/cos 4 x + cos 4 y + sin 2 x + sin 2 y > V2 

b) Isinx + ^-sin 2 x + sinx\l2-sin 2 x\< 3 


12. Chiing minh rang Va,b > c > 0 ta co: 

13. Chiing minh rang \/a,b,c eO ta co: 


^c(a-c) + ^c(b-c) < \[ab 
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a) a 2 +b 2 +c 2 > abc(a + b + c ) b) a 2 + b 2 + 2 > ab + be + ca 

Bai 14. Chung minh rang Vx, y, z e O thoa man j x + x y + .V - 3 ta . xy + yz + zx< 8 

\y z +yz+z z = 16 

Bai 15. Cho 2 < neO ;a 1 ,a 2 ,...,a n ,b l ,b 2 ,...,b n e/p^iChung minh rang: 

Bai 16*. Chung minh rang Vx e [0;l] ta co: Vx + Vl — X + \[x + yfl — x < yfl + \/8 

Bai 17*. Chung minh rang \/a,b,c gD ta co: 

__ + _ lfc-c| _ > _ \c-a\ _ 

V2009 + a 2 .^2009 + b 2 ^2009+b 2 .^2009 + c 2 ^2009 + c 2 ^ 2009 +a 2 
Bai 18*. Cho n so thuc a 1 ,a 2 ,...,a n . Chung minh rang: 

aJ( 1 — c/|) +1 + yjici^ — a 2 ) +1 +... + — ci n ) + 1 + yj(tl + 2 — + 1 > (V + 1)^2 

3. Ung dung trong bai toan tim gia tri ldn nhat, gia tri nho nhat cua ham so. 

3.1. Phuong phap: Phuong phap chu yeu la ta xet cac vecta co toa do thich hop roi su dung 
mot trong ba BDT vecta tren de tim gia tri Ion nhat, giai tri nho nhat cua ham so da cho. 

3.2. Vi du. ___ 

Vi du 1: Tim gia tri nho nhat cua ham so sau day: 

f(x ) = yjx 2 — x +1 + \Jx 2 +x +1 


• TXD: § 



Khi do ta co \u\ = y]x 2 -x+1; |v| = yjx 2 +x + 1; u + v = (l;V3); \u + v| = 2 
Matheo BDT (l)taco |w| + |v|>|m + v|<=>/(x)>2 
Dau “=” xay ra khi va chi khi x = 0. 

Vay gia tri nho nhat cua ham so f(x) da cho la 2 dat duoc tai x = 0. 


Vi du 2: Tim gia tri nho nhat cua ham so: 

f{x ) = Vcos 2 x-2cosx + 5 + Vcos 2 x + 4cosx + 8 

• TXD: O 

Xet hai vecta u =(l-cosx;2); v = (2 + cosx;2) 

Khido: |w| = Vcos 2 x-2cosx + 5; |v| = Vcos 2 x + 4cosx + 8; U + v =(3;4); \u + v\ = 5 
Matheo BDT (l)taco |«| + |v|> \u + v\ <=>/(x)>5 

Dau “=” xay <» x = ^-+k,2n (ke.FI) hoac x = -^- + l2n (lei1) 


Trang 43 


Tim tai lieu Toan ? Chuyen nhd - www.toanmathx 


_ Chuyen de: Chung minh bdt dang thuc 

2k 2 k 

Vay min f(x) = 5 dat dugc tai x = — + k2n (keU ) hoac x = —— + 12k (led) . 


Vi du 3: Tim gia tri nho nhat tren khoang [2000k;2002k] cua ham so 

fix) = Vcos 2 x-6cosx + 10 + V cos 2 x + 2 cos x + 2 

• TXD: 0 

Xet hai vector fi =(3-cosx;1); v = (cosx + 1;1) 

Khi do taco \u\ = Vcos 2 x-6cosx + 10; |v| = 4 cos 2 x + 2cosx + 2; \u + v\ = \flO 
Matheo BDT (l)taco \u\ + \v\>\u + v\o fix) >^20 
Dau“=” xay rakhi vachikhi x = k2n ( keU) 

Xet tren doan [2000^;20027 t] ta co k = 1000; 1001 tirang ling vdi x = 2000 tt; 2002^ 

Vay tren doan [2000;r;2002;r] thi mmf(x) = V 20 dat dirge tai x = 2000^ hoac x = 2002 n . 

3.3.Bai tap tu luyen. 

Bai 1. Cho ham so /(x) = Asinx + Bcosx (A 2 +B 2 * 0) 

a) Tim gia tri Ion nhat, gia tri nho nhat cua ham so tren. 

,, ^, „ . , , . , i |cos3x + acos3x + l| „ l + \ll + 3a 2 w 

b) Dung cau a), chung minh rang -<-, Vx, ae.U 

j 2cos3x | 3 

Bai 2, Tim gia tri nho nhat cua bieu thuc: 

A = f(x, y ) = \jx 2 + y 2 + 2x + 12y + 37 + ^jx 2 +y 2 -6x + 6y + 18 
Bai 3. Tim gia tri Ion nhat cua ham so sau: 

fix) = |V(x + 6) 2 +100 + yjix + 1) 2 +4| 

Bai 4, Tim gia tri nho nhat cua ham so sau: 

y = yjx 2 — 2px + 2p 2 + ^x 2 -2qx + 2q 2 ip * q) 

Bai 5. Tim gia tri nho nhat cua ham so sau: 

y = 4a 2 +x 2 +yja 2 +(c-x) 2 

VAN DE VIII: 

SET DUNG DAO HAM DE CHlTNG MINH bAt DANG THtTC 

Trong phan nay ta su dung dao ham thong qua viec xet tinh dcm dieu cua ham so hoac dung 
dinh ly Lagrage de chung minh bdt dang thuc, dac biet la bdt dang thuc co mot bien so. 

LOAI1. SI DLXC tinh don dieu de CHUNG minh bat dang thuc 


Vi du 1. Chu'ng minh rang: e x > 1 + x vdi x 0 

• Xet ham so fix) = e x - x -1 lien tuc va kha vi vdi mgi x * 0 

Taco: f\x) = e x - 1, /(0) = 0 

# Neu x > 0 thi / '(x) = e x -1 > 0 => fix) dong bien 
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=> /(x)>/(0) => e x — jc — 1 > 0 => e x >l + x (1) 
4 Neu x < 0 thi / '(x) = e x -1 < 0 => /(x) nghich bien 
=> /(x)>/( 0)=>e x -x-l>0 => e x >l + x (2) 
Tvr(l), (2) => e x >l + x vdix^O. 


Vi du 2. Chung minh rang: 


dung vdi moi x > 0 


• YCBT« — + x+l-e x <0, Vx>0 
2 

Xet f(x) = ^- + x +1 - e* . Ta co / '(jc) =x + l-e x , f "(jc) = l-e x < 0, Vjc>0 
Dodo / '(jc) nghich bien trong (0;+oo) => / '(jc) < /'(0) = 0 vdi Vxe(0;+co) 

=> /(jc) nghich bien trong (0; +oo) => /(jc) < /(0) = 0 , Vjc > 0 

jc 2 x 2 

=>-hjc + l-e x <0,Vjc>0 hay e x >l + x-\ -vdiVx>0. 

2 2 


Vi du 3. Chu'ng minh rang: 


a) Ta chung minh sin x < x vdi x > 0 
Xet ham so /(x) = sin x - x. /(0) = 0 

Taco: /'(x) = cosx-l<0, Vxe(0;+oo) => /(x) nghich bien trong (0;+co). 

=> /(x) < /(0) vdi x>0 => sinx-x<0 vdi x > 0 
x 3 

b) Ta chung minh x - — < sinx vdi x > 0 

x 3 , x 2 

Xethamso/(x) = sinx-xH-.Taco / (x) = cosx-1h - = g(x) 

6 2 

=> g'(x) = -sinx + x>0 vdi x >0=>g(x) dong bien => g(x) > g(0) = 0 vdi x>0 
hay / '(x) > 0 vdi x > 0 => /(x) dong bien => /(x) > /(0) = 0 vdi x > 0 
x 3 x 3 

=> sinx-xH->0 hay x-< sin x vdi x > 0 

6 6 

x 3 

Tu a) va b) => x-< sin x < x vdi x > 0 

6 


Vi du 4. Chung minh rang 2 s ' nx + 2 idnx > 2 X ' 


• Ap dung BDT Co-si: 2 sinx +2 Vdnx > 2,V2 sin /2 tanx = 2.2 
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<=> 2 smx + 2 tan * > 2 2 


<=> sinx + tanx > lx vdi 0<x< — 

2 


Xet ham so /(x) = sin x + tan x-2x vai 0<x< — , /(0) = 0 


Taco: / (x) = cosxh ---2>cos xh ---2 > 2../cos' x.--—.-2 =0 


(vi cos x > cos x vai 0 < x < — ) 


/ (x) > 0 => f(x) dong bien => f(x) > /(0) vai 0 < x < - 


l x + tan x - 2x > 0 => sin x + tan x > 2x vai 0 < x < — => dpcm. 


Vi du 5. Chung minh rang 2 1 * +2 > 2 2 


vai 0<x< — 
2 


» Xet ham so fix) = sinx + — tanx-vai0<x< — 

2 2 2 


Ta co / (x) = cosx + 


1 3_cosx cosx 1 3 

2.cos 2 x 2 2 2 2.cos 2 x 2 


-^3 3 cosx cosx 1 3 _q 

“ 3 fr^cos 2 x-2- U 


/ (x) > 0, Vx e 0;— => /(x) dong bien trong 0;- 


/(x)>/(0) => sinx + -tanx- —> 0, Vxe 0; — 


sinx + —tanx>—, Vxe 0;— . Dang thiic xay ra <=> x = 0 


Ma 2 z ' smx +2 tanx > 2 ^2 Zsinx .2 tanx =2.2 2 > 2.2 2 


=> 2 zsmx +2 mnx >2 2 ,VxeO;^l. 


Dang three xay ra <=> 


Do do 2 Zsinx + 2 tanx > 2 2 vdi Vx e 0; 
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3 , 1 

Vi du 6. Cho 0 < a < — . Chung minh rang 2.a H-> 3 

4 


• Xet ham so f( x ) = 2x + -^ tren = 


Ta co / '(x) =2--^—= —— < 0 vdi Vxefo;— 

4 


> f(x) giamtren| 0;-^- =>/(x)>/ Vxefo;^- 


>/ ( a )- / (f) > v “ £ ( 0; f 


1 59 1 3 

> 2a H—- > — >3 Hay 2.a+ — >3, Vcce 0;- 
18 « 2 4 


Vi du 7. Chung minh rang vai 0 < a < yjb < a + 1 thi: 

a.ja 3 + 2 Jb) ^ Aa + 1 ) [(« + 1) 3 + 2.b\ 
2 .a 3 +b 2.(a + lf+b 


, x(x* + 2.b) 

• Xet ham so fix) = ——-— : — vai 0<a<x<a + l 


Taco f{l/b) = Zfb va f\ x ) = 2 - (x b) >0 
(2 ,x 3 +b) 2 

=> fix) dongbien =^> f(a)<f(tfb)<f(a + 1) vai 0<a<x<a + l 
+2.f>) < 3/^< (q + 1 )[(q + 1 ) 3 +2.^] (dpcm) 

2.(a +1) 3 + h 


2.a 3 +b 


Vi du 8. Cho0<a<h<y. Chung minhrang a. sin a-h. sin h > 2. (cosh-cos a) 


• YCBT <=> a.sina + 2cosa > h.sinh + 2.cosh 


Xet ham so fix) = x.sinx+2.cosx vai 0<x< — 


Taco: / (x) = sinx + x.cosx-2.sinx, / (0) = 0 
/ ”(x) = cos v + cos x - x. sin x - 2. cos x = -x. sin x 


> / "(x) <0 (vi 0 < x < — thi sin x > 0 ). Do do / '(x) < f "(0) = 0 khi 0 < x < — 


fn n 

oang I 0;- 


> f(x) giam tren khoang | 0;— | => /(a) > fib) vai 0 < a < b < — 


a.sina + 2cosa > h.sinh + 2.cosh hay a. sin a-b. sin b > 2. (cosh-cos a) 


Vi du 9. Chung minh rang: 4. tan 5 . tan 9 < 3. tan 6 . tan 10 


* Xet ham so fix) = 


vdi 0 < x < — 
4 
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_ , . 2.x-sin2x _ . , A „ ft . 

Taco j (x) =— —>0 (vitadaco sin a < a < tan a neu0<a< — ) 


> ham so f(x) dong bien tren | (); — 


Vdi5<6thi /(5)</(6) => / —]</ — 

l 180 J l 180 J 


the la 


5n 6n 

tan- tan- 

180 „ 180 . 


6. tan 5 < 5. tan 6 


( 2 ) 


5ft 6ft 

180 180 

Chung minh tuong tu ta cung co 10. tan 9° < 9. tan 10° (3) 

Nhan (2) va (3), ve theo ve, ta duoc 4. tan 5°. tan 9° < 3. tan 6°. tan 10 c 


(dpcm). 


-> x z +y z +z z 


Z x X z \ X 


->xz(x z + y~+z z ) <=> - + — + —+ —+ 1 

y y y y yy 


Dat u — —, v = —. Taco u>l>v>0. 

y y 

2 3 v 


Nen BDT co dang if + v z + u .v J > u.v{u + v z + 1) 


<=> M (l-v) + M .V -M.v(l +V ) +V > 0 


( 1 ) 


+ Neu v = 1 thi (1) co dang w -2.w + l>0, tuc la (2) dung 


+ Neu 0 < v < 1. Xet ham so f(u ) = u{ 1 - v) + u .v^ - u.vil + v ) + v voi u > 1 


Ta co / Xu) = 3.m 2 (1 - v) + 2 .u.v 3 - v(l + v 2 ) 

/ ”{u) = 6.u(l -v) + 2.v 3 >0 (do 0<v<lva u> 1) 

=> / '(m) dong bien khi u > 1 nen voi moi u > 1 ta co / \u) > f '(1) 

Ma / , (1) = v 3 -4.v + 3 = (v-1)(v 2 +v-3)>0 nen / \u) > 0 =^f(u) dong bien khi u > 1 

Tuc la Vm > 1 ta co f(u) > /(1) = v 2 - 2v +1 = (v -1) 2 > 0 

Vay: m 3 (1-v) + m 2 v 2 -m 2 v 3 - mv(1 + v 2 ) + v 2 > 0 voi Vm>1>v>0 


(dpcm). 


Vi du 11. Chung minh x - — < In (l + x) < x voi moi x > 0 


• a) Chung minh x - — <c ln(l + x), Vx > 0 
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Xet /(x) = ln(l + x)-x + : —, x>0, / (x) = -l + x =——>0, x>0 

2 l + x l+x 

=> f(x) dong bien vdi moi x > 0 

X 2 X 2 

=> ln(l + x) — x H->0,x>0 => x-< ln(l + x) vdi moi x > 0 

2 2 

b) Chiing minh ln(l + x) < x, x > 0 
Bat gg(x) = x-ln(l + x) vdi x>0, g(0) = 0 

=> g \x) = 1-— = —— > 0, khi x > 0 

l+x l+x 

=> g(x) > 0 ,Vx > 0 => x-ln(l + x)>0, khi x>0 => ln(l + x)<x, vdi x>0 


Tir a), b) 


x —— < ln(l + x) < x, vdi moi x > 0 


Vi du 12. Chiing minh rdng x-< ,- < x vdi x > 0 

2 Vx + 1 


• Do x > 0 nen x - : — < 


-—< 1, Vx>0 <i> 


[Vx+T >1_ 2 


a) Chiing minh - < 1, Vx > 0 

Vx + 1 

Vi x > 0 nen x +1 > 1 => y[x +1 > 1 




b) Chiing minh 1-< - , Vx > 0 

2 Vx + 1 


Bat g(x )h -1, x>0, 

Vx + 1 2 


g(o) = o 


Taco: g (x) = - 


V(x + 1) 3 

g(x) > g(0) = 0 vdi Vx > 0 


> 0, vdi x > 0 => g(x) dong bien vdi x > 0 


J -— + —-1>0, Vx> 0 <=> 1- —< J -— , Vx> 0 

VxTi 2 2 Vx + 1 


Vay 1 — < |- < 1 <=> x—-—< j- < x , Vx>0 

2 V^+l 2 Vx+1 


Vi du 13. Chiing minh rang: (sin x) 2 < x 2 +l - vdi 0 < x < — 

n 2 


• YCBT <=> (sinx) -x < 1-g? vdi0<x< — 

n 2 

Xet ham so /(x) =(sinx) -2 -x -2 vdi 0<x<^- . 
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Ta co / (x) = -2(sinx) .cosx + 2.x >0, 0< x< — 


. _3 . . . ._3 1 cosx sinx sinx 

> 2.x >2.(sinx) .cosx => — >—-— => x < -t= => , -x>0 

x 3 sin 3 x yj cosx v cosx 


> sinx.(cosx] 3 -x > 0 


Dat g(x)= sinx. (cosx) 3 -x => g f (x) = (cosx) 3 +—(cosx) 3 .sin 2 x-1, g '(0) = 0 


g"(x) =— (cosx) 3 .sin 2 x voi 0<x<— => g "(x) > g "(0) = 0 voi 0<x<- 


g f (x) dong bien tren 0; 


g \x) > g '(0) => g(x) dong bien tren 0; 


g(x)>g(0) = 0 => /(x) dong bien tren 0; 


/M * f ll J -1_ 2 =1 “^ V6iVj:S ° ; 2 


Do do (sinx) 2 -x 2 < 1-— Hay (sinx) 2 <x 2 +l-— Vxe 0; — 

n n v 2 , 


Vi du 14. Cho 3 so a, b, c > 0 thoa man a + o + c = 1. Chung minh rang: 

a b c > 3.^3 

b 2 +c 2 c 2 +a 2 a 2 + b 2 ~ 2 


(*) 


Thay vao (*) ta dirge: 


b 2 +c 2 c 2 +a 2 a 2 +b 2 1 -a 2 1-// 1-c 

a 2 b 2 


c 2 > 3.V3 

a(l-a 2 ) h(l-h 2 ) c(l-c 2 ) ~~ 2 


Xet ham so /(x) = x(l - x) = -x J + x , x e (0; 1). / (x) = -3.x 2 +1 


' ( O , f 1 

/ (x)>0, Vxe 0;— j= va / (x)<0, Vxe —=;] 

l V3j W3 


S0</(x)</ ‘ j-4- 

\yJjJ 3.V3 


Dodo 0<a(l-a )< 
Tuomg tu 

Do do 


1 ^ 3.>/3 

/«“ 2 

1 . 3-\/3 


3yl3 


3^3 a(l-a 2 ) 2 

h 2 ^ 3.V^3 , 2 c 


a(l-a 2 ) 2 

3^ 2 


b{l-b 2 ) 2 

b 


c(l-c 2 ) 2 


? ^ 3>/3 ,, , 

—r->- (dpcm). 

h 2 +c 2 c 2 +a 2 a z +b 2 2 
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Vi du 15. Cho e<x l <x 2 < < x n <y l <y 2 <y ?) < < y m va X x ( - - X>y • 


Chung minh: n*i>rb, 

i= 1 v=1 


• Xet ham so f (x) = —— vdix>0. Tac6/ f (x)=-—^^<0 khi x>e 


Nen f(x) la ham so nghich bien. Tu gia thiet ta co: 
In x, In x, In x„ In y, In y 0 

X 1 X 2 ?i >2 

Tir do ta co In x, > x, — 

ln y x 


In y n 

y n 


In x 0 > x 0 


In} 7 ! 


Hay Zlnx.>^Xx ; .>^i.f:y ; . 


?l (=i 


( 1 ) 


Mat khac 


, ^ ln ^i 

\ny 2 <y 2 .-±- 

ln y, 

In y 3 - y 3 •— 1 

* 


In yj 


lny < y . 


i =1 >’l /=1 


( 2 ) 


Tu (l)va(2) => X lnx ,- > X ln >’/ hay El x i > El 

/=i /-l j=l y=l 

LOAI 2: DUNG DINH LY LAGRANGE 
1. Dinh ly lagrange 

Neu ham so y = /(x) lien tuc tren doan [a;h] va kha vi tren (a;b )thi ton tai mot so 

. m-m 


c e (a; b ) sao cho / (c) = - 

2. Cac vi du 


b-a 


, T , , „ , i h-a , h h-a 

Vi du 1. Chung minh rang: -< In — <- vai 0 <a< b 

baa 
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f\x) = - , f\c) = - 


• Xet ham so : f(x) = In x 

x c 

Ham so f(x) = lnx thoa man dinh ly Larange tren[a;b] 


b-a c b-a 


^ ,111,1 lnb-lna 1 b-a , b b-a 

Do 0 < a < c < b =>-<-<— nen — < -<— <» - < In —<-. 

b c a b b-a a baa 


Vi du 2. Chung minh rang voi moi x,y eRtaco: |sinx-siny| < |x-y| 


• Xet ham so f(t) =sinr, f (t) = cost ^>/(c) = cosc 
Ham so fit) = sin t dinh ly Lagrange tren [x; y\ => 3c e (x; y) ta co: 


.,, . f{y)- f{x) siny-sinx i i sinx-siny , 

f (, c )= jyj <=> cos c = - <=> |cose| = |--|<1 


y-x | x-y 

|sinx-siny|<|x-y|, \/x;yeR 


Vi du 3. Chung minh rang: -— <tanh-tana<-— voi 0 < a< b < — 

cos 2 a cos 2 b 2 


» Xet ham so /(x) = tan x lien tuc va kha vi tren \a;b] 


f\x) = —^—, f \c) — - 


. f{b)-f{a) tan b- tan a 

3 ce(a;b) sao cho / (c) = J J - 

b-a b-a 


1 _tanh-tana 
cos 2 c b-a 


Do a<c<b\hy = cosx nghichbientren | 0;— \ nen 


b-a b-a b-a 
cos 2 a cos 2 c cos 2 b 


voi 0 < a < b < —. 

2 


Vi du 4. Cho x > 1 va a > 1 . Chung minh rang: x a -1 > a(x - 1) 


» Xet ham so f(t) = t a voi l<t<x.Taco f'(t) = a.t al 


Theo dinh ly Lagrange thi ton tai c e (l;x) thoa man / '(c) ■ 


J(x)-f( 1) 


x — 1 


a -1 X a ~1 

> a.c =- 

x — 1 


x a -1 = (x-l)a.c a 1 => x a -1> a(x-l) (vix,a>l) 
Vi du 5. Chung minh rang: ln(x +1) < x moi x > 0. 


• Xet ham so f(t) = \nt voi te[l;l + x]. f\t) = —-. 

In t 


Theo dinh ly Lagrange se ton tai c e (1; 1 + x) : / \c) = 


/(l + x)-/(l) 


(l + x)-l 
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Truong hap gap bai toan chua the van dung dinh ly Lagrange duac ngay thi viec chon 
ham so thoa man cac dieu kien cua dinh ly Lagrange rat quan trong. 


Vi du 6. Chox > 0. Chung minh rang: 1 +- > 1 +- ( 

_ l 1 + xj l l + xj 

• Day la dang bai toan chua the van dung dinh ly Lagrange dugc ngay. 
Taco: (1) « (l + x)lnflH——1 > jc lnfl + —1 voi x > 0 


Xethamso /(x) = xln 1 + — = x[ln(x + l)-lnx 


/ (x) = ln(x + l)-lnx--- (2) 

1 + x 

Xet ham so G G(t) = ln(f) tren [ x; x + 1]. Theo dinh ly Lagrange thi ton tai ce(x;x + l) 

, , G(x + 1)-G(x) 1 w „ , 

sao cho G (c) = - => — = ln(x + l)-lnx 

(x + l)-x c 


Vi c < x +1 nen — >- 


> /(x) dong bien tren [x;x4 


ln(x + l)-lnx >- =>/(x)> 0 

x +1 


> /(x + l)>/(x) => (l + x)lnj^l + Y-J>xln|^lH— 


hay 1 +- > 1 +- voi x > 0 


Vi du 7. Cho neZ + . Chung minh rang: 


r vdi moi x e (0;1) (* 


• Taco: (*) « x 2 "(l-x)< —<=> x 2 ”2n(l-x)<- vdi moi xe(0;l) 
2 ne e 


x n 2n(l-x)=x.x...x(2n-2nx) < 


2nx + (2n-2nx) 
2n +1 


Tu (1) va (2), ta se chung minh: 


<=> (2n + l)[ln(2n + l)-ln(2n)]>l <=> ln(2ft + l)-ln(2n)>- 

2ft+ 1 

Xet ham so /(x) = In x thoa dinh ly Lagrange tren[2n; 2n +1 ]. 

=> 3ce (2n;2n + l) : / '(c) = f^ n + ^) — f(2n) ^ — = ln(2n +1)-ln(2n) . 

2ft+1-2ft c 


Do 2n<c <2n + l nen — >- <» ln(2n +1) - ln(2n) >- 

c 2n + 1 2ft+ 1 
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